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Abstract. A purely functional model of computation, called Priority-based
Functional Reactive Programming (P-FRP), has been introduced as a new paradigm for building real-time software. Unlike the classical preemptive model1 of
real-time systems, preempted events in P-FRP are aborted and have to restart
when higher priority events have completed, making the response time of
events dependent on the execution pattern of higher priority events. Though
methods to determine approximate values for the response time of P-FRP
events have been presented, no convenient method has yet been established to
determine actual response time. A common method for computing actual response time in the preemptive model does not give guaranteed results in P-FRP.
A simulation based approach is computationally expensive and not feasible in
most practical situations. We show that an exhaustive enumeration technique
for idle periods is a more efficient technique, and can be easily adopted to determine actual response time in P-FRP.
Keywords: real-time systems, embedded systems, response time, schedulability
analysis, functional programming.

1 Introduction
Functional Reactive Programming (FRP) [22] is a declarative programming language
for modeling and implementing reactive systems. It has been used for a wide range of
applications, notably, graphics [7], robotics [15], and vision [16]. FRP elegantly captures continuous and discrete aspects of a hybrid system using the notions of behavior
and event, respectively. Because this language is developed as an embedded language
in Haskell [9], it benefits from the wealth of abstractions provided in this language.
Unfortunately, Haskell provides no real-time guarantees, and therefore, neither does
FRP.
To address this limitation, resource-bounded variants of FRP were studied
[13,20,21]. Recently, it was shown that a variant called priority-based FRP (P-FRP)
*
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[13], combines both the semantic properties for FRP, guarantees resource boundedness, and supports assigning different priorities to different events.
In P-FRP, higher priority events can preempt lower-priority ones. However, a requirement [19] in the functional programming model is that the state of the system
cannot be changed, and no function can have side effects. Hence, to maintain this
guarantee of stateless execution, the functional programming paradigm requires the
execution of a function to be atomic in nature. To comply with this requirement, as
well as allow preemption of lower priority events, P-FRP implements a transactional
model of execution. Using only a copy of the state during event execution and atomically committing these changes at the end of the event handler, P-FRP ensures that
handling an event is an “all or nothing” proposition. This preserves the easily understandable semantics of the FRP and provides a programming model where response
times to different events can be tweaked by the programmer, without ever affecting
the semantic soundness of the program. Thus, a clear separation between the semantics of the program and responsiveness of each handler is achieved.
This transactional execution model used in P-FRP is not new, and such models
have been presented in the past. These are the transactional memory systems [11] and
lock-free execution for critical sections [1]. The development of these systems was
primarily motivated by the need to avoid concurrency or precedence constraint issues,
which have been a problem in the classical preemptive model [18]. Studies on the
temporal properties of the transactional model are being done by some research
groups. However, the response time studies currently available [1,8] provide only
basic schedulability analysis by modifying existing methods developed for the preemptive model. A study to find actual response time for this execution model has not
been presented yet.
Previous work on P-FRP [13,17] provided basic results on schedulability and approximate upper bounds on response times. Though approximate upper bounds provide only a general idea on the schedulability of events, the methods to compute them
are much faster [4,6,17]. In this paper we use the term ‘actual’ to differentiate from
approximate or bounded response time. Actual response time is a more accurate indicator of the temporal properties of events in the system. Hence, actual response time
is more useful when an accurate modeling of the system is required , such as in the
design phase of a real-time system, or in developing exact schedulability tests.
An iterative method first presented by Audsley et al in [2] (termed Audsley’s
method in this paper), is a common approach for determining actual response time in
the preemptive model. In this method, it is assumed that the amount of processor time
taken by an event to execute, is constant and equal to its worst-case execution time
(WCET). However, since a preempted event is aborted, the amount of processor time
taken by a lower priority event in P-FRP to complete execution, can be larger than its
WCET, and thus not known a priori. Due to this reason the method in [2] is not guaranteed to work with P-FRP (see section 3 for example), and new methods for determining actual response time in P-FRP are required.
1.1 Contributions
This paper presents an efficient algorithm that can be used in place of a simulation, to
determine the actual response times of events in P-FRP. This is an essential step for
making this technology practically usable since it is not feasible to work out these
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response times by hand or ad-hoc methods. To conform to terminology used in referenced real-time system papers, P-FRP events will be referred to as tasks in the rest of
this paper.
After reviewing basic concepts and the P-FRP execution model (Section 2) we:
•
•
•
•

Present Audsley’s iterative method for computing actual response time in the
preemptive model (Section 3)
Present an enumeration technique for idle periods, which has been termed as the
gap-enumeration method (Section 4)
Present an algorithm that determines the actual response time of a task using the
gap-enumeration method (Section 5)
Provide performance analysis between the time accurate and gap-enumeration
algorithms (Section 6)

And conclude by reviewing related work (Section 7) and a reflection on these results
(Section 8).

2 Basic Concepts and Execution Model of P-FRP
In this section, we introduce the basic concepts and the notation used to denote these
concepts in the rest of the paper. In addition, we review the P-FRP execution model
and assumptions made in this study.
2.1 Basic Concepts
Essential concepts for P-FRP are tasks and their associated priority, their associated
time period and the dual concept of arrival rate, and their processing time; the concept
of a time interval and release offset therein. In our task model, all these assumed to be
known a priori. The notation and formal definitions for these concepts as well as a
few others used in the paper are as follows:
•
•
•
•
•
•
•
•
•
•

Let task set Γn = {τ1, τ2,…, τn} be a set of n periodic tasks
The priority of τk ∈ Γn is the positive integer k, where a higher number implies
higher priority
Tk is the arrival time period between two successive jobs of τk
Ck is the worst-case execution time for τk
tcopy(k) is the time taken to make a copy of the state before τk starts execution
(see section 2.2.1)
trestore(k) is the time taken to restore the state after τk has completed execution
(see section 2.2.1)
Pk is the processing time for τk. Processing of a task includes execution as well
as copy and restore operations. Hence, Pk = tcopy(k) + Ck + trestore(k)
Rk,m represents the release time of the mth job of τk
Φk represents the release offset which is the release time of the first job of τk. Or,
Φk = Rk,1. Hence, Rk,m = Φk + (m-1)·Tk
A level-k idle point is a point in time, t in which no task having a priority k or
higher is awaiting execution and ready to execute strictly before t
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•
•

A finite contiguous interval of non-zero length [t1,t2) is a k-gap, if every t∈[t1,t2),
is a level-(k+1) idle point.
The threshold of the k-gap [t1, t2) is time t1

•

T |tt 2 represent the time window for analyzing gaps, such that: ∀t∈ T |tt 2 , t1 ≤ t

•

•

1

1

< t2 ∧ t1 ≠ t2. This new notation is used to differentiate from k-gap time intervals
Dk is the relative deadline of τk. If some job of τk is released at time Rk,m then τk
should complete processing by time Rk,m + Dk, otherwise τk will have a deadline
miss. In this paper, Dk = Tk
A gap set σk( T |tt 2 ) contains all the unique k-gaps present in the time interval
1

T |tt 2
1

. The k-gaps present in σk( T |tt 2 ) are also disjoint:
1

for any two gaps [tx1,ty1), [tx2,ty2) ∈ σk( T |tt 2 ), if t∈[tx1,ty1) then t∉ [tx2,ty2)
1

•
•

|σk( T |tt 2 )| represents the number of k-gaps present in σk( T |tt 2 )
1

1

The gap-transformation function

λ(σk( T |tt 2
1

), Γn) takes as input the gap set σk,

and task set Γn. The function returns the gap set of the next lower priority task:
σk-1( T |tt 2 ) = λ(σk( T |tt 2 ))
1

•

1

The gap-search function μ(σk( T |tt 2 ), Pk) takes as input, the gap set σk( T |tt 2 ) and
1

1

Pk, and returns the earliest k-gap larger than or equal to Pk present in σk :

[tx1,ty1) = μ(σk( T |tt 2 ), Pk), such that:
1

ty1 – tx1 ≥ Pk ∧∄[tx,ty) ∈ σk( T |tt 2 )∧ ty – tx > Pk ∧ tx < tx1
1

If the gap search function returns a k-gap with threshold less than 0, then a k-gap
larger than Pk does not exist in σk( T |tt 2 )
1

•

•
•

The computational steps of an algorithm is a numerical measurement of the
number of times major iterations of the algorithm have been performed during
execution. This value gives us a general idea of the performance of the algorithms considered in this paper
The response time of a τk written as RTk is the relative time after its release at
which τk completes processing
Interference on τk is the action where the processing of τk is interrupted by the
release of a higher priority task. In P-FRP, an interference forces τk to abort and
re-process later.

2.2 Execution Model and Assumptions

In this study all tasks are assumed to execute in a uniprocessor system with no precedence constraints. When a job of higher priority task τi is released, it can immediately
preempt an executing lower priority task, and changes made by the lower priority task
are rolled back. The lower priority task will be restarted when the higher priority task
has completed processing. Due to P-FRP’s transactional nature of execution, all tasks
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are assumed to run without concurrency constraints. In the algorithms to derive the
actual response time of task τj, we have considered the release offset of τj to be 0.
When some task is released, it enters a processing queue Q which is arranged by
priority order, such that all arriving higher priority tasks are moved to the head of the
queue. The length of the queue is bounded, and no two instances of the same task can
be present in the queue at the same time. This requires a task to complete processing
before the release of its next job. To maintain this requirement we assume a hard realtime system with task deadline equal to the time period between jobs. Hence, ∀τk∈Γn,
Dk = Tk. A task set is schedulable in some time interval, only if no task in the set has a
deadline miss.
Once τi enters Q two situations are possible. If a task of lower priority than i is being processed, it will be immediately preempted and τi will start processing. If a task
of higher priority than τi is being processed, then τi will wait in the Q and start processing only after the higher priority task has completed. An exception to the immediate preemption is made during copy and restore operations which is explained in the
following paragraph.
2.2.1 Copy and Restore Operations
In P-FRP, when a task starts processing it creates a ‘scratch’ state, which is a copy of
the current state of the system. Changes made during the processing of this task are
maintained inside such a state. When the task has completed, the ‘scratch’ state is
restored into the final state in an atomic operation. Therefore, during the restoration
and copy operations, the task being processed cannot be preempted by higher priority
tasks. If the task is preempted after copy but before the restore operation, the scratch
state is simply discarded. The context-switch between tasks only involves a state copy
operation for the task that will be commencing processing. The time taken for copy
(tcopy(k)) and restore (trestore(k)) operations of τk is part of the processing time of the
task, Pk.
Our current methods do not yet account for situations where higher priority tasks
cannot preempt lower priority tasks. Hence, for the methods presented in this paper,
the values of tcopy(k) and trestore(k) for all tasks are kept same and equal to a single discrete time unit. Hence, ∀k∈Γn, tcopy(k)= trestore(k) =1.
Such small values of tcopy(k) and trestore(k) are reasonable as copy and restore operations are only a fraction of the worst-case execution time of the task. However, for
greater precision of results, in ongoing work we are developing methods where the
values of trestore(k) and tcopy(k) could be variable.
2.2.2 Critical Instant in P-FRP
In response time analysis for fixed-priority scheduling, a critical-instant of release is
assumed. Critical instant is the time, at which task releases lead to the worst-case response time (WCRT) [14] of the task being analyzed. In their seminal work, Liu and
Layland [14] showed that in fixed-priority scheduling for the preemptive model, the
critical-instant for a lower priority task τi occurs when it is released at the same time
as all higher priority tasks. Or, the release offset of task τj and higher priority tasks is
the same. This is also termed as a synchronous release of tasks. As shown in [3], for
P-FRP, a synchronous release of τj and higher priority tasks is not guaranteed to result in the WCRT of τj.
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The methods presented in this paper, determine the response time of a task only for
a user specified release offset of higher priority tasks. Hence, the release offsets required by the methods presented in this paper, are assumed to be known a priori.
These release offsets, may or may not lead to the WCRT for the task being analyzed.
To determine the WCRT for a given P-FRP task, all possible combinations of release
offsets of higher priority tasks have to be generated. Then the time-accurate or gapenumeration algorithms, presented in this paper, have to be used to compute the actual
release time under each of the possible release offset combinations. Finally, the highest value of the response time computed under each release offset combination will be
the WCRT for the task.

3 Computing Actual Response Time in the Preemptive Model
In an important paper, Audsley et al [2] demonstrated that if tasks are synchronously
released, the response time of τi (RTi) can be determined using the following equation:
⎡ RTi ⎤
RTi = Pi + Bi +
(3.1)
⎢
⎥ ⋅ Pj
T
∀j > i ⎢ j ⎥
Bi is the blocking time due to concurrency control protocols, which is not applicable
in our case. Since RTi appears on both sides of the equation, an iterative approach
using initial approximate values of RTi can be used. If RTi n represents the nth approximate value of RTi, and ignoring the blocking time, equation 3.1 can be written
as:
⎡ RTi n ⎤
⎢
⎥ ⋅ Pj
RTi n +1 = Pi +
(3.2)
Tj ⎥
∀j > i ⎢
⎢
⎥

∑

∑

The iteration starts with RTi0 = 0 and terminates when RTi n +1 = RTi n . Since, in the
preemptive model a synchronous release leads to the WCRT, equation 3.1 also computes the WCRT for a task. As shown in [2], equation 3.1 can also be modified to
determine response time when tasks have non-zero offsets (tasks are released asynchronously) or encounter release jitter.
Let’s take a simple application of this equation, using the following P-FRP task set:
Task

τ1
τ2
τ3

P
20
20
10

T
100
70
40

We have to compute the response time of τ1 using equation 3.1, assuming a synchronous release of tasks. The iterations of the computation are given below:
1

⎡0 ⎤

⎡0⎤

#1, n=0: RT1 = 20+( ⎢ ⎥ ⋅ 10 + ⎢ ⎥ ⋅ 20 ) = 20
⎢ 40 ⎥
⎢ 70 ⎥
2

⎡ 20 ⎤

⎡ 20 ⎤

#2, n=1: RT1 =20+( ⎢ ⎥ ⋅ 10 + ⎢ ⎥ ⋅ 20 ) = 50
⎢ 70 ⎥
⎢ 40 ⎥

#3, n=2:

RT13 =20 +( ⎡⎢ 50 ⎤⎥ ⋅ 10 + ⎡⎢ 50 ⎤⎥ ⋅ 20 )= 60
⎢ 40 ⎥

4

⎢ 70 ⎥

⎡ 60 ⎤
⎡ 60 ⎤
⎥ ⋅ 10 + ⎢ ⎥ ⋅ 20 )= 60
⎢ 70 ⎥
⎢ 40 ⎥

#4,n=3: RT1 =20 + ( ⎢
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Since, RT13 = RT14 , the iteration will terminate giving us the response time for τ1 as
60. In Figure 1 we show how P-FRP processes the tasks in the time window T |100
0 ,
resulting in the response time of τ1 as 70. Figure 1 also illustrates the fact that, even
though the processing time of τ1 if 20 and is known a priori, it takes a total processor
time of 30 to complete processing due to an abort at time 40.

Fig. 1. Task execution graph showing τ1 completing processing at time 70. T1, T2 and T3
represent tasks τ1, τ2 and τ3 respectively.

3.1.1 Ras and Cheng’s Modification for P-FRP
An attempt to apply Audsley’s method in P-FRP was made by Ras and Cheng in [17].
An abort cost to the original equation has been added. The modified equation is given
as:

WCRTi = Pi + Bi +

⎡ WCRTi ⎤
⎢
⎥ ⋅ Pj +
Tj ⎥
∀j∈hp i ⎢

∑

j −1
⎡WCRTi ⎤
⎢
⎥ ⋅ max Pk
T j ⎥ k =i
∀j∈hp i ⎢

∑

(3.3)

hpi represents the set of tasks having a higher priority than τi. The initial value for
WCRTi is set to Pi. This equation computes the response time under a synchronous
release. However, it could converge for only a few cases. Also, the authors’ assertion
that eq. 3.3 can compute the WCRT, is not quite correct. This is because in P-FRP a
synchronous release is not guaranteed to lead to WCRT. Applying equation 3.3 to our
example, and setting WCRT10 =20:
1:

1
WCRT1

= 20 + ( ⎡⎢ 20 ⎤⎥ ⋅ 10 + ⎡⎢ 20 ⎤⎥ ⋅ 20 ) +

⎡ 20 ⎤
⎡ 20 ⎤
⎢ ⎥ ⋅ 20 + ⎢ ⎥ ⋅ 20
⎢ 40 ⎥
⎢ 70 ⎥

= 90

2:

2
WCRT1

= 20 + ( ⎡⎢ 90 ⎤⎥ ⋅ 10 + ⎡⎢ 90 ⎤⎥ ⋅ 20 ) +

⎡ 90 ⎤
⎡ 90 ⎤
⎢ ⎥ ⋅ 20 + ⎢ ⎥ ⋅ 20
⎢ 40 ⎥
⎢ 70 ⎥

= 190

3:

3
WCRT1

= 20 + ( ⎡⎢ 190 ⎤⎥ ⋅ 10 + ⎡⎢ 190 ⎤⎥ ⋅ 20 )+

⎢ 40 ⎥

⎢ 40 ⎥

⎢ 40 ⎥

⎢ 70 ⎥

⎢ 70 ⎥

⎢ 70 ⎥

⎡ 190 ⎤
⎡ 190 ⎤
⎢
⎥ ⋅ 20 + ⎢
⎥ ⋅ 20
⎢ 40 ⎥
⎢ 70 ⎥

=290

This computation will go on indefinitely and will never converge.
Clearly, Audsley’s method, and its modified version are not guaranteed to compute
the actual response time in P-FRP, and a different approach is required.
A straightforward way for computing the response time in P-FRP, is to use a timeaccurate simulation that progresses through every time tick, and runs tasks based on
the P-FRP execution model. Due to limited space, the pseudo-code for such an algorithm is given in [3]. The computational complexity of this algorithm is bounded by
O((Tj – Pj) · (n–j) 2 · Tk2), derivation of which is also provided in [3].
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4 Gap-Enumeration Method
The time-accurate simulation method iterates through every time step till the response
time of the task being analyzed is found. This approach is computationally intensive,
since several iterations have to be performed. We present a different method using
enumeration of k-gaps, based on the following characteristics of the P-FRP execution
model. Due to limited space, we have not given proofs and detailed pseudo-code of
some of our methods. These are available in [3].
Lemma 4.1 [3, 5.1]. A task τj can be processed only in elements of the set σj( T |tt 2 ).
1

Lemma 4.2 [3, 5.2]. For task τj to be schedulable, one j-gap of at least length Pj will
exist between any two successive jobs of τj.
t +Tj

Lemma 4.3 [3, 5.3]. In the gap set σj( T |t
to be schedulable.

) one element will be more than Pj for τj

The mechanism of the gap-enumeration method works as follows: Let, task set Γn =
{τ1, τ2,…,τn}. We have to determine the response time of the first job of τj (RTj) (j <
n). Without loss of generality, assume all tasks are released at the same time as τj
(time 0). From lemma 4.1, we know that τj can only be processed inside the elements
T

of the set σj( T |0 j ). These elements are all the j-gaps available after the processing of
tasks τn to τj+1. From lemma 4.2, we know that one of the j-gaps in the time interval
T

T |0 j , has to be larger than Pj for τj to be schedulable. We will first find the set
T

σj( T |0 j ), and then search through this set for the first j-gap which is larger than Pj. τj
will be processed in this j-gap making the response time of τj equal to t1 + Pj, where t1
is the threshold of this j-gap.
T

To find σj( T |0 j ) we progressively analyze gap sets of all higher priority tasks. The
T

n-gap that is available for τn to run, is the entire length of the time interval T |0 j .
T

Hence, σn( T |0 j ) = {[0, Tj)}. The first job of τn will be released at time 0, and the second at time Tn. The mth job of τn will be released at (m–1)·Tn. The (n–1)-gap left between the 1st and 2nd job is [Pn, Tn). Similarly the (n–1)-gap left between the 2nd and
T

3rd job is [Tn+Pn, 2·Tn). Therefore, σn-1( T |0 j ) = {[Pn, Tn), [Tn+Pn,2·Tn)… ,[(m–2)·Tn ,
(m–1)·Tn) }: (m–1)·Tn ≤ Tj.
T

We see that the gap set σn-1( T |0 j ) is created after accounting for the processing of
T

T

all jobs of τn, in the gap set σn( T |0 j ). Hence, the gap set σn( T |0 j ) has been transT

formed by the processing of all jobs of τn to result in σn-1( T |0 j ). We use the gap
transformation function to account for the processing of the current task, and get the
gap set for the next lower priority task. Or,
T

T

σn-1( T |0 j ) = λ (σn( T |0 j ),Γn).

258

C. Belwal and A.M.K. Cheng

Fig. 2(a). 3-gap available for processing of τ3, Fig. 2(b). 2-gaps available for processing of
σ3( T |100
0 ) = {[0,100)}

τ2, σ2( T |100
0 ) = {[10,40), [50,80), [90,100)}

Fig. 2(c). 1-gaps available for processing of τ1, σ1( T |100
0 ) = {[30,40), [50,70)}

From lemma 4.1, we know that τn-1 can only be processed in the gaps present in σnTj

1( T |0

T

). When we process all jobs of τn-1 in T |0 j , some of the (n–1) gaps present in
T

σn-1( T |0 j ) will be used or reduce in size, leading to the formation of (n–2)-gaps.
T

Hence, after accounting for the processing of all jobs of τn-1 in T |0 j , the gap set σnTj

2( T |0

) is created. The gap-transformation function can also be used to get the set σn-

Tj
2( T |0

). Hence,
T

T

T

T

σn-2( T |0 j ) = λ (σn-1( T |0 j ),Γn)
Similarly,

σn-3( T |0 j ) = λ (σn-2( T |0 j ),Γn)
…
T

T

σj( T |0 j ) = λ (σj+1( T |0 j ),Γn)
T

Once σj( T |0 j ) is available we use the gap search function to give us the first j-gap in
which τj can complete processing. Hence,
[t1, t2) = μ(σj(T), Pj).
Therefore,

RTj = t1+Pj
Let us illustrate this method by a simple case. Consider the example given in Section
3. Here, Γ3 ={τ1, τ2, τ3} and T1,T2,T3 are 100,70,40 respectively. The processing times
P1,P2,P3 are 20,20,10 respectively and all tasks are released at time 0. We have to
determine the actual response time for τ1.
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In the time interval T |100
0 , the 3-gap available to process τ3 is the entire length of
the time interval period. Therefore, σ3( T |100
0 ) = {[0,100)} (Figure 2(a)). τ3 will be
processed at times 0,40 and 80 leaving 2-gaps in between each job. Therefore,
σ2( T |100
0 ) = {[10,40), [50,80) ,[90,100)} (Figure 2(b)). The first job of τ2 is processed
in the 2-gap [10,30), and the second job starts processing at time 70, but is aborted by
second job of τ3 at time 80. τ2 will restart processing in the 2-gap [90,100). Hence,
σ1( T |100
0 ) = {[30,40), [50,70)} (Figure 2(c)). Since the length of the 1-gap [50,70) is
more or equal to P1, τ1 will complete processing in this gap. Therefore,

RT1 = 50 + 20 = 70.

5 Algorithm to Determine Actual Response Time
We now present an algorithm that can determine the actual response time of τj, using
the gap-enumeration method. The pseudo-code of the algorithm is given below. The
algorithm takes Γn and τj as input and returns the actual response time of τj. In line 3,
T

we assign an initial value to σn( T |0 j ). Between lines 4 to 7, we successively compute
T

T

the gap sets σn-1( T |0 j ) to σj( T |0 j ). Once the gap set for τj is known, we retrieve the
T

earliest j-gap larger than Pj, using the gap search function μ( T |0 j , Pj) (line 8), and
then compute the response time of τj (line 10).
If k-gaps to process lower priority tasks are not present, then the task set is not
schedulable. In line 6, we check if gaps to process the lower priority task are present.
If an i-gap to process a task τi is not present, –1 is returned, signifying that the task
set is not schedulable. A similar check in line 9 returns –1, if no j-gap is found to run
τj.
Algorithm 5.1
1.
2.

input: Γn, τj
output: RTj or -1

3.
4.

σn( T |0 j ) ← {[0,Tj)}
loop i ← n to j+1

5.

T

T

T

σi-1( T |0 j )←λ (σi( T |0 j ),Γn)
T

6.
7.

if(|σi-1( T |0 j )| = 0) return -1
end loop

8.
9.
10.
11.

[t1,t2)← μ(σj( T |0 j ), Pj)
if(t1 < 0) return -1
RTj = t1 + Pj
return RTj

T
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5.1 Gap-Enumeration with Dynamic Window Size
T

Algorithm 5.1 enumerates all the gaps present in the time window T |0 j . In certain
T

cases, the time window T |0 j could be large and much higher number of gaps than
T

required, could be enumerated. If T |0 j is divided into smaller slices, the gapenumeration algorithm can be made more efficient. We can divide the time window
⎡T j ⎤
T
T |0 j into m windows (1 ≤ m ≤ Tj), of size ⎢ ⎥ and enumerate the gaps starting
⎢m⎥
from window

⎡T j ⎤
⎢ ⎥
m
T |0⎢ ⎥

. If no j-gap to run τj is found, then the length of the window is

⎡T j ⎤
progressively incremented by ⎢ ⎥ . A modified form of algorithm 5.1, which uses
⎢m⎥
dynamic size windows is given in [3]. The time complexity of this algorithm is
T +1

T +1

bounded by O(Tj· (n-j) ·|σi( T |0 j )|·jobsi ·log(!2·2·|σi( T |0 j )|)), derivation of which
is available in [3].
5.2 Gap-Transformation Function

The gap transformation function λ(σi( T |0L ),Γn), for a task τi, is an important component in determining the response time of tasks in P-FRP. It analyzes the gap-set
σi( T |0L ) for gaps in which τi could be processed, changes those gaps and returns the
transformed gap-set. The pseudo-code for the implementation of this function is
available in [3].
5.3 Gap-Search Function

The gap search function μ(σk( T |0L ), Pk) does a simple search on σk( T |0L ) and retrieves the first k-gap whose size is larger than Pk. The algorithm for the search depends on the type of data structure used to store the gaps. Due to its guaranteed
bounds for search and insertion time, we use a red-black tree (RB-tree) [5] to store the
gap. A red-black tree, is a self balancing binary tree where each node has a color attribute of red or black. Other properties of a RB-tree are:

•
•
•
•

The root node is black
All leave nodes are black
Children of every red node are black
Path from leaf to root contain same number of black nodes

The gaps are stored in a RB-tree with threshold as the index. Figure 3 shows the RBtree for a sample gap set: σk(T)={[10,40), [50,80), [90,100), [120,140), [170,190),
[230,260), [300,320)}. The search function μ(σk(T), Pk) is reduced to transversing the
RB-tree from the left most leaf node (earliest gap), to the right most leaf node. The
search order for the sample set based on node index is 10, 50, 90, 120, 170, 230, 300.
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Fig. 3. RB-tree for sample gap set. The shaded nodes denote a black node while the non-shaded
are red nodes. The null nodes do not contain any data.

6 Analysis
Since the Time-accurate simulation (TAS) method is the only other known method
for computing actual response time in P-FRP, we present an experimental analysis of
the performance of the Gap-enumeration (GE) algorithm, relative to TAS. For every
addition and deletion operation in the RB-tree, the computational step is incremented
by log(m), where m is the dynamically changing size of the RB-tree. Using computational steps for performance measurement is sufficient for this analysis, as it gives us
a distinct idea of time that each algorithm will take to give the desired results.
We randomly generated 3 groups (groups A, B and C) of 500 schedulable task sets.
Task sets in group A have 3 tasks, group B, 5 tasks and group C, 7 tasks. Each of the
task sets in each group is unique in the sense, that at least 1 task is different between
any two task sets. The arrival period for each of the tasks in all the 3 groups were selected from the range [40,60], while the processing times were selected from [4,10].
All tasks were assumed to be released simultaneously and the response time of the
lowest priority task (τ1) in each group was determined using the TAS and GE algorithms. In the GE algorithm, m was set to 1 for this analysis.
The difference in computational steps between the TAS and GE algorithms for task
set of sized 3,5 and 7 are shown in figures 4(a),5(a) and 6(a). The Δ in the y-axis is
given as:

Δ = Computational Steps in TAS - Computational steps in GE
It can be seen clearly that GE takes less number of computation steps as compared to
the TAS algorithm. The delta values tend to increase as the number of tasks present in
the set increase. This could be attributed to a generally larger response time when the
number of tasks are high. In figures 4(b), 5(b) and 6(b) we show the relation between
response time and Δ. It is clear, that as the response time increases, the delta values
increase showing that the GE algorithm becomes much more efficient relative to
TAS. Additional results of out analysis are available in [3].
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7 Related Work
Response time analysis was first studied by Joseph and Pandya [12] and fixed priority
scheduling was independently studied by Audsley et al [2]. In [2], an iterative method
to compute actual response time in the preemptive model is given. Kaibachev et al [13]
present a basic response time analysis for P-FRP by placing restrictions on execution
times of higher priority tasks. The authors have derived the response time bound of a
task, as equal to its arrival period. Ras and Cheng [17] have presented response time
analysis and have compared the performance of P-FRP execution with priority inversion strategies. The authors present a method to derive upper bound on response time
by extending the iterative method developed by Audsley et al [2]. However, as shown
in this paper, this method is unusable for most task sets. The flaw is that the authors
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make explicit assumptions on the abort cost from higher priority tasks. The abort cost
is different for individual task sets and cannot be generally applied. Both [13, 17] do
not define any method to compute actual response times for P-FRP.
Transactional memory systems have been described by Herlihy and Moss [11]. Response time analysis for transaction memory using dynamic scheduling for multiprocessor systems has been done by Fahmy et al [8]. Davis and Burns [6] derive upper
bounds on response time for fixed priority scheduling building upon the work done by
Bini and Baruah [4]. Anderson et al [1] do response time analysis of the lock-free
mechanism. Lock-free is a mechanism to avoid priority inversion [18] the implementation of which is via an unconditional loop that terminates when the necessary updates to the shared resource are complete. The schedulability conditions given for
fixed-priority scheduling in [1] assume a constant ‘extra computation time’ in case of
a failed update. If we consider this equivalent to an abort cost in P-FRP it cannot be a
constant as the abort cost varies for every task. Comparisons between transaction
memory based systems and lock-free processing and benefits of the former have been
shown in Herlihy and Moss [11].

8 Conclusions and Future Work
A common method for determining actual response time in the preemptive model
cannot be applied to the execution model of P-FRP, due to the abort of preempted
tasks. A straightforward approach is to run a time accurate simulation of the P-FRP
execution model. However the time complexity of this approach is high and, therefore
it is not feasible in most practical situations.
The gap-enumeration method is a different approach for computing actual response
time in the P-FRP execution model. Comparisons with the time-accurate method
show that the gap-enumeration method is much more efficient than the former. For PFRP systems with numerically higher response times, the gap-enumeration method
offers engineers a fast alternative for the computation of actual response times. The
performance of this method is directly proportional to the number of k-gaps present in
the system. The number of k-gaps has no impact on the time accurate simulation
method, whose computational complexity is primarily governed by the number of
time steps that have to be covered.
While the gap-enumeration algorithm is faster than the time-accurate simulation, it
is clearly not as efficient as Audsley’s method [2]. However, we feel that due to the
abort nature of tasks, computing response time using fixed iterations on a mathematical expression, as developed by Audsley et al, might not be feasible for P-FRP.
Hence, algorithm based approaches, such as the gap-enumeration method, are perhaps, the only way to compute actual response time in P-FRP.
We have presented the gap-enumeration algorithm in its simple form. Several
changes could be made to improve the efficiency of this method. The main computational cost incurred by the gap-enumeration method is during insertion, deletion and
search of the data structure used to store k-gaps. A hash table could be used in conjunction with the RB-tree to index the locations of k-gaps thereby making the search, insertion and deletion operation more efficient. In ongoing work, we are also exploring a
method where a 2-dimensional array is used to keep track of gaps created for each task.
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