First-order logic

CHAPTER 7
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Syntax of FOL: Basic elements

Constants  KingJohn, 2, UCB,.

Predicates  Brother, >,.
Functions  Sqrt, LeftLegOf,.
Variables x, Yy, a, b, ...
Connectives A V = = &
Equality =

Quantifiers V 4

9
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Atomic sentences

Atomic sentence = predicate(termy,...,term,)
or termq = terms

Term = function(termq, ..., term,)
or constant or variable

E.g., Brother(KingJohn, RichardT heLionheart)
> (Length(Le ftLegO f(Richard)), Length(LeftLegO f(KingJohn)))
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Complex sentences

Complex sentences are made from atomic sentences using connectives
=S, S1IASy, S1VSy, ST = 5, S & 5

E.g. Sibling(KingJohn, Richard) = Sibling(Richard, KingJohn)
>(1,2) Vv <(1,2)
>(1,2) A =>(1,2)
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Truth in first-order logic

Sentences are true with respect to a model and an interpretation

Model contains objects and relations among them

Interpretation specifies referents for
constant symbols — objects
predicate symbols — relations
function symbols — functional relations

An atomic sentence predicate(termy, ..., term,) is true
iff the objects referred to by termq, ..., term,
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Models for FOL: Example
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relations: sets of tuples of objects
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functional relations: all tuples of objects + "value" object
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Universal quantification

V (variables) (sentence)

Everyone at Berkeley is smart:
Va At(x, Berkeley) = Smart(z)

Va P is equivalent to the conjunction of instantiations of P

At(KingJohn, Berkeley) = Smart(KingJohn)
N At(Richard, Berkeley) = Smart(Richard)
N At(Berkeley, Berkeley) = Smart(Berkeley)
A

Typically, = is the main connective with V.
Common mistake: using A as the main connective with V:

Va At(x, Berkeley) N Smart(x)

means “Everyone is at Berkeley and everyone is smart”
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Existential quantification

d(variables) (sentence)

Someone at Stanford is smart:
dx At(x, Stanford) N Smart(x)

dx P s equivalent to the disjunction of instantiations of P

At(KingJohn, Stan ford) A Smart(KingJohn)
vV At(Richard, Stan ford) A Smart(Richard)
vV At(Stanford, Stanford) N Smart(Stan ford)
V

Typically, A is the main connective with 4.
Common mistake: using =- as the main connective with d:

dx At(x, Stanford) = Smart(x)

is true if there is anyone who is not at Stanford!
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Properties of quantifiers

Va Vy isthe sameasVy Vo (why?7?)
dx dy is the same as 3y dz  (why??)
dx Vy s not the same as Vy dx

dx Yy Loves(z,y)
“There is a person who loves everyone in the world”

Vy dx Loves(x,y)
“Everyone in the world is loved by at least one person”

Quantifier duality: each can be expressed using the other

Va Likes(x, IceCream) —~Jx —Likes(x, [ceCream)

dx Likes(x, Broccoli) -V —Likes(x, Broccoli)
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Fun with sentences

Brothers are siblings

“Sibling” is reflexive

One's mother is one's female parent

A first cousin is a child of a parent’s sibling

AIMA Slides ©Stuart Russell and Peter Norvig, 1998 Chapter 7 11




Va,y Brother(x,y) < Sibling(x,y).

Va,y Sibling(x,y) < Sibling(y, x)

Va,y Mother(x,y) < (Female(x)andParent(x,y))

Va,y FirstCousin(x,y) < Ip,ps Parent(p,x) A Sibling(ps,p) A
Parent(ps,y)
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