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What is A Hexahedral (Hex-) Mesh?
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Quality metrics for Hexahedra
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Quality metrics for Hexahedra and Hex‐Meshes

● Extreme (maximum/minimum) metric is to locate the 
element in the hex‐mesh with the worst quality;

● Average metric is to compute an averaged quality of all 
the elements of the hex‐mesh.
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Quality metrics for Hex‐Meshing

From a Sandia report on “the verdict geometric quality library”
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Problem
● Given these many metrics, which one should we use to measure the quality of a given hex‐mesh in practice?

● A hex‐mesh with a positive minimum scaled Jacobian is a hard requirement to conduct PDE‐based 
simulations.

● Once this minimum requirement is satisfied, however, is the scaled Jacobian still the most effective quality 
indicator for a hex‐mesh?

’s
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Problem

● This asks for a comprehensive study of the relations among various quality 
metrics for hex‐meshes.

● However, there is no a clear mathematical formulae that can describe the 
relations among different features

Challenge
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Our Solution

We look at the co‐variant 
behaviors among metrics!

We look at the quality of the entire 
mesh rather than a single element!
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Before this Work
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• Comparisons of tet‐meshes and hex‐meshes
[CK92,BPM95,RS06,BTPB07, TEC10, TEC11, Cha13]

• Knupp [Knu00b] and Muller et al. [MHKSZ01] concluded that both of the 
number of hex‐mesh elements and the average scaled Jacobian have 
positive impacts on the convergence and the accuracy of the 
simulations

• Motooka et al. [MNI11] concluded that the diagonal length ratio affected 
the convergence of the Poisson’s equation solving.



Pipeline

Correlation Analysis

D
at

a 
G

en
er

at
io

n

Perturbation

D
is

co
ve

rie
s

10



Data Generation

● All hex‐meshes in the same dataset should have the same 
number of elements and volume;

● Only include valid meshes (i.e., the minimum scaled Jacobian is 
positive);

● The dataset should cover a value range for each quality metric 
as wide as possible (i.e. having enough variation).

Requirements
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Data Generation

Problem with the dataset produced by the available hex‐meshing 
tool ‐‐MeshGem

More than 600 meshes were generated!
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Data Generation

Our solution ‐‐ a two‐level noise insertion
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Data Generation

Our solution ‐‐ a two‐level noise insertion (or perturbation)
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Meshes generated by polycube-
based and frame field based 
methods.

…

Min_bound Min_value
of the input 
meshNumber of bins ߙ ൌ 8



Data Generation

Our solution ‐‐ a two‐level noise insertion
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Data Generation

Our solution ‐‐ a two‐level noise insertion
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Data Generation
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Correlation Study

● Linear correlation coefficient

● Correlation matrix
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Metric Correlation 

19

Deviation matrix

Average correlation matrix
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Application‐Independent Study



Metric Correlation 

Min/Max Metrics Average Metrics Min/Max and Average Metrics
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Application‐Independent Metric Correlation 

Metric clustering based on their similarity [Ward’s approach]
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Application‐Independent Metric Correlation 

● All average metrics have strong correlations with each other -> any 
average metric is enough to measure the overall quality of a hex‐mesh;

● Extreme metrics have different correlations according to different 
geometric characteristics.

Observations
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Application‐Dependent Study



Application‐Dependent Metric Correlation 

Simulations involved the solving of various elliptic PDEs

● The linear elasticity
● Poisson’s Equation
● Stokes Equation
● An analytic problem with known solution
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Application‐Dependent Metric Correlation 

Measuring the quality of solving elliptic PDEs on discrete spatial 
representation is challenging without knowing the ground truth.

We propose to employ the maximum and minimum eigenvalues 
as the measurement for simulation quality.

● Minimum leading eigenvalueߣ௠௜௡ ‐‐ indication of discretization error
Accuracy metric: minimum eigenvalue minus ground truth

● Maximum eigenvalue ߣ௠௔௫	‐‐ related to the conditioning of the 
system
Stability metric: the condition number ߣ௠௔௫/ߣ௠௜௡
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Application‐Dependent Metric Correlation 

Simulations involved the solving of various elliptic PDEs

● The linear elasticity
● Poisson’s Equation
● Stokes Equation
● An analytic problem with known solution
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The quality is measured by the difference between the solved value and the ground truth.



Application‐Dependent Metric Correlation 

Correlations between individual quality metrics for hex-meshes and the simulation quality
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Application‐Dependent Metric Correlation 

Which metric(s) are more relevant to the simulation quality?

For the linear elasticity problem
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Application‐Dependent Metric Correlation 

Which metric(s) are more relevant to the simulation quality?

For the Poisson’s equation solving

30



Application‐Dependent Metric Correlation 

Which metric(s) are more relevant to the simulation quality?

For the Stokes equation solving

31



Application‐Dependent Metric Correlation 

Which metric(s) are more relevant to the simulation quality?

For a Poisson’s boundary problem with known solution
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Application‐Dependent Metric Correlation 

Observations

● All average metrics have stronger correlations with both the Accuracy and Stability than those 
minimum/maximum metrics.

● Among those metrics, MAF. Avg. has the strongest correlation with the Stability for all three applications and 
DM. Avg. ranked second. For Accuracy, while MAF. Avg. has the strongest correlation with the Poisson’s and 
Stokes simulations, DM. Avg. tops the others for the linear elasticity simulations

● The correlations of the metrics (especially average metrics) with the Stability are much stronger than their 
correlations with the Accuracy in the Poisson’s and Stokes equation solving applications

● SKEW Max. that measures the orthogonality of the principal axes of a hexahedron, has the highest ranking 
among all Min/Max metrics for most applications, while the well‐known S. Jac. Min is ranked much lower in all 
experiments.
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Application‐Dependent Metric Correlation 

Recommendations

● To achieve accurate and stable computations in solving isotropic elliptic 
PDEs, the average metrics should be the focus to improve once the mesh is 
inversion‐free;

● Metrics that characterize the conditioning of the elements, e.g. MAF. Avg., 
DM. Avg., SKEW Max., MER. Max. and TAP. Max., have stronger correlations 
with the quality of solving elliptic PDEs than other metrics, and thus, should 
be the quality that the meshing techniques try to optimize.

Use it with your own risk! :-)
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Conclusion

● We propose a practical yet efficient framework for the evaluating 
available quality metrics for hex‐meshes;

● Metrics are classified into a set of groups, and the number of 
metrics has been reduced;

● W.r.t. three applications, we have identified the most correlated 
metrics;

● Online access for all the dataset and source code.
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Limitations and Future Work

● The result and conclusion may be influenced by 
the purpose of testing  (or, the dataset 
generation strategy);

● A better dataset sampling on various metrics 
that have non‐orthogonal relationships is highly 
needed;

● Other degree of freedoms, e.g., the location of 
the worst element, connectivities, discretization, 
and model types may matter.
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