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Histogramming
• Each processor (core) has a copy of every 

bucket (embarrassingly parallel)
• For each bucket obtain a global count 

(reduction)
• Each summation can be parallelized (tree)
• Different bucket summations can be 

performed concurrently (all-to-all reduction)
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Performance

Complexity for P elements on N processors (cores), L buckets

Local histogram: P/N

Global Count: Arithmetic and data volume: L – L/N for L>N

Steps: log2N
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Histogramming

Buckets

Processors

0 8 16 24 32 40 48 56

1 9 17 25 33 41 49 57

2 10 18 26 34 42 50 58

3 11 19 27 35 43 51 59

4 12 20 28 36 44 52 60

5 13 21 29 37 45 53 61

6 14 22 30 38 46 54 62

7 15 23 31 39 47 55 63
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Histogramming
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Global counting – Step 1
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Histogramming
0
48

8 16 24 32
176

40 48 56

1 9
52

17 25 33 41
180

49 57

2 10 18
56

26 34 42 50
184

58

3 11 19 27
60

35 43 51 59
188

4
64

12 20 28 36
192

44 52 60

5 13
68

21 29 37 45
196

53 61

6 14 22
72

30 38 46 54
200

62

7 15 23 31
76

39 47 55 63
204

Global counting – Step 2
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Histogramming
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Global counting – Step 3



COSC 6365
Lecture 19
2008-03-25

Bucket sort
1. Local assignment of elements to buckets
2. Global count of the number of elements 

in a bucket
3. Perform an accumulation of the counts 

for all preceding buckets (parallel prefix)
4. Rank assignment to each copy of each 

bucket
5. Local rank assignment
6. Permutation
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Distribution (Bucket) Sort

1
5

Bucket 0 1 2 3 4 5 6 7 8 9

Counts
Accumulation
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5, 0, 5, 0, 9, 1, 8, 2, 6, 4, 1, 5, 6, 6, 7, 7Elements:

5, 0, 5, 0,   9, 1,   8, 2, 6, 4, 1, 5,   6,   6,   7,   7Elements:
6, 0, 7, 1, 15, 2, 14, 4, 9, 5, 3, 8, 10, 11, 12, 13Rank:
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Distribution (Bucket) Sort
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Result of Bucket count Result of global accumulation
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Distribution (Bucket) Sort
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Distribution (Bucket) Sort
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Global counting – Step 3
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Comparison of global counting and rank assignment steps
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Distribution (Bucket) Sort
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Distribution (Bucket) Sort
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Comparison of global counting and rank assignment steps
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Distribution (Bucket) Sort
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Distribution (Bucket) Sort
Complexity (approximate) for L>N:
Step 1: P/N
Step 2: L-L/N
Step 3: 2L/N
Step 4: L-L/N
Step 5:  P/N
Total: 2P/N+2(L-L/N)+2L/N

Sequential time: 2P+L-1

For L>>N and P/N>>L Speedup is O(N)

2P+L-1
2P/N+2(L-L/N)+2L/N

Speed-up:



COSC 6365
Lecture 19
2008-03-25

Bitonic merge
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Bitonic Merge

Compare Min Max

Max

Min
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Bitonic Merge
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Bitonic recursive merge
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Bitonic sort
(based on recursive application of bitonic merge)

Sorts in opposite order compared to 



COSC 6365
Lecture 19
2008-03-25

Bitonic Sort

Complexity: Complexity: 

Bitonic merge: Nlog2N

Complexity: 

Bitonic merge: Nlog2N

Bitonic Sort: N(log2N)2



COSC 6365
Lecture 19
2008-03-25

Bitonic Sort
Multiple elements per core

2k-1+n 2k-1+n

First k steps local: 2k-1 comparisons per core per step.
Last n steps local: 2k bitonic sequences each with 1 elem. per core.
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Bitonic Sort
Multiple elements per core

2k-1+n 2k-1+n

Time: k2k-1 +2kn (or ~P/Nlog2(P/N) + P/Nlog2N = P/Nlog2P)).
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Sequential Merge

Complexity: P for P elements

Bitonic Merge: Plog2P

Inefficient by a factor of log2P 



COSC 6365
Lecture 19
2008-03-25

Hybrid Merge

2n independent 
mergers of sets 
of 2k elements 
each

Each set local 
to a core

2k independent 
mergers of sets 
of 2n elements 
each

Each set 
distributed with 
one element per 
core
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Radix Sort
For bits in the key in ascending order, i = 0 to p-1

rank with respect to bit i
permute according to rank on bit i

Endfor

0000
0011
0102
1106
1117
1004
1106
1015

PermuteRankPermuteRankPermuteRankBinaryDecimal
Step 3 (msb)Step 2Step 1 (lsb)Initial order
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Radix Sort
For bits in the key in ascending order, i = 0 to p-1

rank with respect to bit i
permute according to rank on bit i

Endfor

50000
80011
40102
31106
71117
21004
11106
61015

PermuteRankPermuteRankPermuteRankBinaryDecimal
Step 3 (msb)Step 2Step 1 (lsb)Initial order
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Radix Sort
For bits in the key in ascending order, i = 0 to p-1

rank with respect to bit i
permute according to rank on bit i

Endfor

00150000
11180011
10140102
00031106
01071117
11021004
10011106
11061015

PermuteRankPermuteRankPermuteRankBinaryDecimal
Step 3 (msb)Step 2Step 1 (lsb)Initial order



COSC 6365
Lecture 19
2008-03-25

Radix Sort
For bits in the key in ascending order, i = 0 to p-1

rank with respect to bit i
permute according to rank on bit i

Endfor

400150000
811180011
310140102
200031106
701071117
611021004
110011106
511061015

PermuteRankPermuteRankPermuteRankBinaryDecimal
Step 3 (msb)Step 2Step 1 (lsb)Initial order
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Radix Sort
For bits in the key in ascending order, i = 0 to p-1

rank with respect to bit i
permute according to rank on bit i

Endfor

111400150000
010811180011
110310140102
110200031106
001701071117
101611021004
000110011106
100511061015

PermuteRankPermuteRankPermuteRankBinaryDecimal
Step 3 (msb)Step 2Step 1 (lsb)Initial order



COSC 6365
Lecture 19
2008-03-25

Radix Sort
For bits in the key in ascending order, i = 0 to p-1

rank with respect to bit i
permute according to rank on bit i

Endfor

8111400150000
3010811180011
7110310140102
6110200031106
2001701071117
5101611021004
1000110011106
4100511061015

PermuteRankPermuteRankPermuteRankBinaryDecimal
Step 3 (msb)Step 2Step 1 (lsb)Initial order
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Radix Sort
For bits in the key in ascending order, i = 0 to p-1

rank with respect to bit i
permute according to rank on bit i

Endfor

1118111400150000
1103010811180011
1107110310140102
1016110200031106
1002001701071117
0105101611021004
0011000110011106
0004100511061015

PermuteRankPermuteRankPermuteRankBinaryDecimal
Step 3 (msb)Step 2Step 1 (lsb)Initial order
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Radix Sort

54.7120.1334.586.7113.4814
54.7220.1334.596.7113.4813
58.0020.1337.876.7113.4812
59.9920.1339.866.7113.3911
73.7426.8446.906.7113.0910
71.5926.8444.756.7112.389
70.4926.8443.656.7110.918
71.6933.5538.146.717.637
86.0340.2745.766.717.636

100.3746.9853.396.717.635
114.7153.6961.026.717.634

PermuteRankPermuteRank
TotalAll instancesEach instanceRadix

Cycles per element 
on a CM-5  with 64k 
elements per vector 
unit.

Key distribution: 
Uniform, Random
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Sample Sort

• Select a set of Splitters (at least N-1 for N 
processors)

• Sort the splitters
• Assign elements to buckets
• Permute
• Local sort
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Sample Sort
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Sample Sort
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Sample Sort
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Sample Sort

1.53.20.335.50NoNoSample
1.02.10.952.40YesYesRadix
1.51.02.201.60YesNoBitonic

P/N=16,384P/N=64
RankMemoryTime/key/node (msec)Load BalanceStableMethod

Sorting times on a 1024 node CM-5
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Valiant’s Parallel Merge Sort
• Merge two sorted sequences P and R in parallel 

by splitting each sequence evenly in sqrt size 
chunks.

• Sequence P: chunk size sqrt(P), sqrt(P) chunks
• Sequence R: chunk size sqrt(R), sqrt(R) chunks
• Merge the sqrt(P) and sqrt(R) splitters
• Insert the sqrt(P) splitters into the proper chunk 

of R
• Repeat the process recursively for each sublist

created by the insertion
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Valiant’s Parallel Merge sort

• Merge the sqrt(P)+sqrt(R) splitters 
requires sqrt(P)xsqrt(R) comparisons 
which can be carried out on 
sqrt(P)xsqrt(R) cores in unit time.

• Second step the same …
• And the third …… see notes 


