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Matrix-Vector Multiplication
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Time: (1+2(Q-1)+2(P-1)ta+(P+Q-1)tc = (2(P+Q)-3)ta+(P+Q-1)tc

Speed-up: 2PQta
(2(P+Q)-3)ta+(P+Q-1)tc

Efficiency: 2Pta
(2(P+Q)-3)ta+(P+Q-1)tc
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Matrix-Vector Multiplication

P>>Q:  Efficiency O(1)

Q>>P:  Efficiency O(P/Q)

Why this difference in efficiency?

P>>Q: Time is O(P), Speed-up is O(Q)
Small degree of parallelism compared to workload 

Q>>P: Time is O(Q), Speed-up is O(P)
Small degree of parallelism compared to 
workload. Time dominated by pipeline delay.
How can the efficiency be increased for Q>>P?

2P
(2(P+Q)-3)+(P+Q-1)tc/ta

Efficiency:
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Matrix-Vector Multiplication
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Speed-up: 2PQta
(2(P+Q)-3)ta+(P+Q-1)tc

Efficiency: 2Qta
(2(P+Q)-3)ta+(P+Q-1)tc
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Matrix-Vector Multiplication

P>>Q:  Efficiency O(Q/P)

Q>>P:  Efficiency O(1)

Why this difference in efficiency?

P>>Q: Time is O(P), Speed-up is O(Q)
Small degree of parallelism compared to 
workload. Time dominated by pipeline delay. 

Q>>P: Time is O(Q), Speed-up is O(P)
Small degree of parallelism compared to workload.

Efficiency: 2Q
(2(P+Q)-3)+(P+Q-1)tc/ta
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Matrix-Vector Multiplication

What did we learn?

Small degree of parallelism compared to workload: 
good efficiency

Large degree of parallelism compared to workload: 
poor efficiency

Choose algorithm and data distribution 
depending on the problem at hand
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Matrix-Vector Multiplication
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Matrix-Vector Multiplication
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All-to-All Broadcast of x

Local Matrix-Vector Multiplication
Time: P/N(2Q-1)ta+Q/N(N-1)tc

Speed-up: 2PQta
P/N(2Q-1)ta+Q/N(N-1)tc

Efficiency: 2PQta
P(2Q-1)ta+Q(N-1)tc
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Matrix-Vector Multiplication

P>>Ntc/ta: 
P=N:    

Efficiency: ~ 2ta/tc = ~3x10-3

Example:

10GF core            ta= 10-10 sec

1 GigE comm tc=0.7x10-7 sec for 64-bit data

Efficiency is O(1) when parallelism is small 
compared to the workload, especially if ta>>tc

P=N: Communication time dominates for typical values of ta and tc

Efficiency O(1)
Efficiency ~2ta/(2ta+tc)

Efficiency: 2PQta
P(2Q-1)ta+Q(N-1)tc
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Matrix-Vector Multiplication
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Matrix-Vector Multiplication
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Matrix-Vector Multiplication
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All-to-All 
Reduction

Time: P(2Q/N-1)ta+P/N(N-1)(ta+tc)

Speed-up: 2PQta
P(2Q/N-1)ta+P/N(N-1)(ta+tc)

Efficiency: 2PQta
P(2Q-1)ta+P(N-1)tc
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Matrix-Vector Multiplication

Q>>Ntc/ta
Q=N:    

Efficiency: ~ 2ta/tc = ~3x10-3

Example:

10GF core            ta= 10-10 sec

1 GigE comm tc=0.7x10-7 sec for 64-bit data

Efficiency is O(1) when parallelism is small 
compared to the workload, especially if ta>>tc
Q=N: Communication time dominates for typical values of ta and tc

Efficiency O(1)
Efficiency ~2ta/(2ta+tc)

Efficiency: 2PQta
P(2Q-1)ta+P(N-1)tc
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Matrix-Vector Multiplication
What did we learn?

Small degree of parallelism compared to workload: 
good efficiency

Large degree of parallelism compared to workload: 
poor efficiency

Choose algorithm and data distribution 
depending on the problem at hand
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All-All-Broadcast
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Step 1
Left cyclic shift

X0 X3X2X1
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Step 2
Left cyclic shift

X2 X1X0X3

X0 X3X2X1

X1 X0X3X2

Step 3
Left cyclic shift

X2 X1X0X3

X3 X2X1X0

Time: (N-1)Ptc

No of Processors: N

No of elem./proc.: P

Lower bound: (N-1)Ptc
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All-All-Reduction
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Step 1 – right 
cyclic shift 
with addition
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Step 2 – right 
cyclic shift 
with addition

Step 3 – right 
cyclic shift 
with addition

Time: (N-1)P/Ntc

Lower bound: (N-1)P/Ntc

No of Processors: N

Final no of elem./proc.: P/N


