Computer Science 6365 April 22, 2008

Lecture #27: Linear Recurrences

Professor: S. Lennart Johnsson TA: Wei Ding

1 Recurrences
A linear, first order recurrence is a problem of the form

:L‘(j) = a(j)l‘(j - 1) +y(j)7 $(1) = y(l) ($(0) = 0)7 J= {1727 . 7P}

Linear recurrences of this form arises in, for instance, the solution of bidiagonal systems of

equations, as shown below
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Such a bidiagonal system of equations corresponds to the forward solution of a system Az =y
after LU-factorization of A, where A is a tridiagonal system of equations and no pivoting is
used. The solution of the upper bidiagonal system of equations, Ux = y corresponds to a
backward running recurrence. In matrix form we have
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For U in the factorization A = LU of a tridiagonal matrix, both diagonals of U assume arbitrary
values. In recurrence form, the upper bidiagonal system of equations can be written as

u(g; 7)) +uld, g+ Da(j +1) = y(j), wherex(P) = y(P)/u(P, P),  j={P—=1,P,....1}.
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or

y(4)

u(j, J)

1)+ ,wherex(P) = y(P)/u(P, P), j={P-1,D5,.... 1}

Let “UdtD — _p(5) and uy((j])) =19/(j). Then,

x(j) =b(j)x(j + 1)+ y'(j), wherex(P) = ¢/ (P), j={P-1,P,... 1}

and we have derived the backward running linear recurrence. The scaling of the matrix and
the right hand side corresponds to the multiplication of the system of equations Uz = y by a
diagonal matrix D, where d; = 1/u(j, j).

Linear recurrences also appears in the computation of eigenvalues of symmetric tridiagonal
matrices.

In practice, it is often the case that multiple recurrences must be computed for a collection of
right hand sides in the matrix formulation. For instance, in the solution of tridiagonal systems
of equations, the right hand side may correspond to a particular loading condition. But, it is
often of interest to consider many such conditions. Thus, several recurrence relationships are
solved with the same set of coefficients. In matrix notation, the solution of multiple recurrences
with the same coefficients can be written

BX =Y,

?

where B is a bidiagonal matrix of size P x P. X and Y are matrices of shape P x R,where R
is the number of recurrences, or the number of right hand sides.

Even more interesting from an applications point of view is the solution of multiple recurrences
with different recurrence coefficients. Such a need occurs in the solution of partial differential
equations in several cases. For instance, we have already seen that the approximation of a second
derivative with a second order centered difference approximation yields a tridiagonal matrix.
Indeed, a regular discretization of Cartesian product domains in two or more dimensions and
second order accurate centered differences of second order partial derivatives result in separate
tridiagonal matrices for each grid line along which derivatives are formed. The solution of
such systems of equations by, for instance, the Alternating Direction Method [18] or the Fourier
Analysis Cyclic Reduction method (FACR) [2, 7, 19, 20] results in the need to solve multiple
tridiagonal systems of equations with, in general, different coefficients for each of these systems.
The coefficients represents local properties of the medium, which may vary with the location.

For multidimensional problems, it may be required to solve recurrence relationships along the
different axes of the arrays. This is indeed the case for the Alternating Direction Methods for
the solution of tridiagonal systems of equations. In distributed memory architectures, as well
as in architectures with a banked memory system, the data reference pattern along multiple
axis raises some interesting problems with respect to data distribution [13, 12, 11].
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Kogge and Stone [15] devised an efficient algorithm for the solution of general recurrence rela-
tions. The algorithm is known as recursive doubling. In fact, most of their derivation is based
on binary trees, while the actual algorithm they present has a different data reference pattern.
We refer to the binary tree algorithm as odd—even cyclic reduction and to the other as parallel
cyclic reduction [8]. We will also discuss a technique for the solution of multiple recurrences,
balanced cyclic reduction [10]. When there are more variables (equations) than there are pro-
cessing nodes, then we can emulate a large machine on the smaller machine at hand, or devise
algorithms that have an explicit sequential component in addition to the parallel component.
We discuss so—called substructuring as a method to combine sequential and parallel processing.
Thus, we will discuss

odd—even cyclic reduction

parallel cyclic reduction

balanced cyclic reduction

substructuring

We have already seen a special case of a linear recurrence, namely the evaluation of all ordered
partial sums of the leading j elements of a one-dimensional array, or

x(j):Zy(i), j=1{1,2,...,P}.

If the array y has the values [1, 2, 3, 4, 5, 6], then the resulting array x has the values [1, 3, 6, 10, 15, 21].

This special linear recurrence for which a(j) = 1 is a prefiz or scan computation, where the
prefix operator in this case is +. With the prefix being multiplication the recurrence becomes

2(j) =Myy(@),  j={L2....,P}

Other prefixes are, for instance, max and min. We have already presented one way of imple-
menting prefix operations in parallel, parallel prefix, on complete binary trees. That implemen-
tation in the terminology above is an odd—even cyclic reduction algorithm. The fact that all
coefficients a(j) are equal to 1 considerably simplifies the computations. Thus, we will present
the algorithms in the context of parallel prefix computations before discussing algorithms for
general linear recurrences.

Higher order recurrences occurs often in practice. For instance, a filter with m weights convolves
m elements, and form an mth order recurrence.

2(j) = a(g, (G = 1) +a(4,2)x(G —2) + -+ a(j, 5 —m)z(j —m) +y(j)
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Similarly, LU-factorization of a banded system of equations results in factors L and U, each
of which defines a higher order recurrence relationship. Thus, for b, lower diagonals in L, the
systems of equations Lz = y defines a b;th order forward linear recurrence. Similarly, with b,
upper diagonals in U, the system Uz = z defines an b,th order backward linear recurrence.

Higher order linear recurrences can be converted into first order linear matriz recurrences, as
opposed to scalar recurrences that we have discussed so far.

2 First order linear recurrences

2.1 Parallel Prefix computations

We will first consider the case where there are as many processing nodes as there are variables.
Then, we will consider the solution of recurrence relations with multiple variables per node,
followed by the solution of multiple recurrences.

There are two commonly used parallel techniques to solve linear recurrences. We refer to one
as odd—even cyclic reduction and to the other as parallel cyclic reduction.

2.1.1 0Odd—Even Cyclic Reduction

The odd—even cyclic reduction algorithm uses a divide-and—conquer approach to compute the
results. The algorithm consists of a reduction phase and a backsubstitution phase. The basic
idea in the reduction phase is to reduce the number of equations by a factor of two for each step
of the algorithm. This reduction is in odd—even cyclic reduction accomplished by recursively
eliminating odd, or even, numbered equations and variables. The data interactions of the
algorithm are illustrated in Figure 1.

Algorithm description

We illustrate the use of the odd—even cyclic reduction algorithm for parallel prefix evaluation
for the +—prefix.
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Figure 1: Odd-even cyclic reduction applied to a linear recurrence.
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z(0) = 0

x(j) = x(j—1)+y() j=11,23,.... P}

w(j) = (G -2)+y() +y(j 1) j=1{24,6,....P}
y ()

2(j) = 2 -H+yV0H) 9V -2)  j={4812... P}

¥y ()

o(P) = 2(0) + g0 (P) 4y (P - PY2)

y(®)(P)

For simplicity, let P = 2P. Computing the result in—place, the reduction computations are
defined by

for k=1topdo
for j = 2% step 2* to 2 do
y(i) < y() +y(G — 2"
endfor
endfor

The above set of equations evaluates z(2°) = y@(2%) for i = {1,2,3,...,p} in p steps. The
remaining P — p — 1 values are computed through backsubstitution. Ignoring the superscripts
on y, the backsubstitution process is

o327 = y(2-27%) + y(3- 27

z(j-207°) = y((j—1)-27%) +y(j-2"7°) j={3,5,7}
w2 = y((i-1) -2 +y(- 2 j=1{3,57,....15)
wG) = yl—1)+y0) j={3.57,....P—1}

or formally for the in—place algorithm
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for k=p—2to0do
for j =3 step2to 2% —1do
y(j-2%) —y(i-2%) +y((G - 1)2")

endfor
endfor

The indices used in the backsubstitution are just the “odd” elements missing in the reduction

phase for each k. For example, in the reduction phase the indices for k = 2 are {4,8,12,16,. .. },
while in the backsubstitution phase they are {6,10,14,18,...}.

An example for P = 8 is shown below. The entries in the columns represent current values of
the components of y. Values in boldface represent values computed in the step represented by

the row. Thus, y(2), y(4), y(6), and y(8) are updated in the first reduction step, y(4) and y(8)
in the second step, etc.

y(1) | ¥(2) | y@3) | y(4) | y(5) | v(6) | v(7) | ¥(8)
1 2 3 4 5 6 7 8 | Initial
1 3 3 7 5) 11 7 15 | Reduction Phase, k=1, j=2,4,6,8
1 3 3 10 5) 11 7 26 | Reduction Phase, k=2, j=4,8
1 3 3 10 5) 11 7 36 | Reduction Phase, k=3, j=8
1 3 3 10 5 21 7 36 | Backsubstitution Phase, k=1, j=6
1 3 6 10 15 21 28 36 | Backsubstitution Phase, k=0, j=3,5,7

Matrix representation of odd—even cyclic reduction

Let the original system of equations be Bx = y, where B is a lower bidiagonal matrix with all
entries on the main diagonal being 1, and all entries on the first subdiagonal being -1. The first

reduction step for a +—prefix can be represented by the matrix R;.

Ry

1 1 -
T2 1 1

11 L zp N
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The matrix B is modified in the first reduction step to By = R B, where

B =

Ry

and By, = Ry B;, where

By =

For N = 8 the last reduction matrix is R3, which is easily seen to be

&
I

and Bg = RgBQ, or

1
0

1
-1
-1

1
0

1
-1
-1

1
0

1
-1
-1

1
0

1
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From this equation, it is clear that xp = xg can be determined from the last equation. It is
also readily seen that s is available from Biz = Ry, and z4 from Box = RoRyy.

1 -
11 -
1
1111 -
RyR, = -
11 -
o1
i 111 1]
. i
11 -
1
1111 -
RsRyR, = -
11 -
11111111

The backsubstitution matrices Sy and S; in our example are

S2

and
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S
1 .
11 -
1 .
1= 11 -
1
1 1 -
i 1
It follows that
[ 1
0 1
-1 1
0 0 1
5283 = ~-1 1
0 0 1
-1 1
i 0 0 0
and
[ 1
11 -
1
1111 -
SQR3R2R1: o1
111111 .
. 1
1111111

and that z¢ can now be derived from Sy Bsx = Sy R3 Ry Ryy

Furthermore,

S =
OO =
O =
—

S159B5 =

o

oo -
o = -
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and

5152R3R2R1 =

(R = T = S G S SR
I = T o T = W =S S G
I = T T W S S
— = =

— = =

— = =

—_ = .

and z3, x5 and x7 can now be derived from S1S5,B3x = x = S155R3R — 2Ryy.
Clearly, B_l = SlnggRQRl, since 815233 = SlnggRQRlB =1.
Arithmetic complexity

The number of steps in the reduction phase is p, and the number of steps in the backsubstitution
phase, is p — 1. The total number of steps is 2p — 1. The number of arithmetic operations in
step k, k = {1,2,3,...,p} of the reduction phase is 2°~*. In the backsubstitution phase the
number of arithmetic operations in step k, k = {p —2,p—3,...,0} is 2?7%=1 — 1. Thus, the
total number of arithmetic operations is P — 1 for the reduction phase, and P —log, P — 1 for
the backsubstitution phase. The grand total for odd—even cyclic reduction is 2P — log, P — 2.
The obvious sequential algorithm requires P — 1 additions.

Parallel algorithms that require more operations than the corresponding sequential algorithm
are known as inconsistent algorithms. Many parallel algorithms are inconsistent with their
sequential counterpart. Odd—even cyclic reduction for parallel prefix computations is inconsis-
tent by about a factor of two. The fact that a parallel algorithm is inconsistent with respect
to a sequential algorithm is often most significant when the resources are limited and resource
contention arises, as for instance when a large parallel machine is emulated on a smaller parallel
machine.

Communication complexity

The total number of elements communicated between nodes in step k of the reduction phase
is 2"=% and in step k of the backsubstitution phase the number of communicated elements is
2p=F=1 _ 1 Thus, the total number of elements being moved is 2P — log, P — 2. The total
bandwidth, i.e., the total number of communication links traversed for the required data motion
depends upon the topology of the network and the mapping of the index space to the nodes of
the network.

Remark: The above parallel algorithm is also suitable for vector computers. In the first
reduction step, the vector length is P/2; in the second it is P/4, etc. The vector length is
reduced by a factor of two for each step. In the backsubstitution, the vector length in step
k is 2717 — 1. The total number of vector operations is equal to the number of steps, or
2log, P — 1.
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Figure 2: Solving a first order linear recurrence on a linear array through odd-even cyclic
reduction.

2.1.2 Odd-—even cyclic reduction on a linear array

In a linear array with one data element per node and elements mapped to nodes based on their
index, each element must traverse a distance of 2! in step k of the reduction phase, as shown

in Figure 2. For the backsubstitution phase, each element must traverse a distance of 2 in step
k.

Thus, on a linear array the bandwidth requirement is:
Reduction phase: Y027 2p-k9k=1 = Plog, P,
Backsubstitution: >)_j,, p_o 2P ¥ 128 = £(log, P — 1).

Total bandwidth required: P log, P — g.

Note that even though the communication paths may be as long as P/2, there is no contention
for communication channels. In a packet switched communication system, the communication
time is proportional to the distance data must move in the absence of contention. Thus, in
a packet switched system, the communication time for the reduction phase is proportional to
P — 1, while for the backsubstitution phase it is proportional to P/2 — 1.

Thus, in a packet switched communication system for which the communication time dominates
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over the arithmetic time, the speedup is O(1) and the efficiency is O(3).

In a communication system based on circuit switching or wormhole routing, the communication
time in the absence of contention is of the form c,d+c, M, where c,d is the time to establish the
path of length d, and ¢, M is the time to transfer a message of size M. If ¢,d < ¢, M, then the
total time is of order O(p), and the speedup is O(y gf: 5) and the efficiency is O(logl2 ). However,
for large linear arrays and only one element per node, it is unlikely that c,d < ¢,M, and a
linear array with circuit switching or wormhole routing behaves asymptotically as if packet
switching is used. The large diameter of the linear array limits the performance, the speedup,

and the efficiency.

2.1.3 0Odd—even cyclic reduction on a complete binary tree

A binary tree implementation of parallel prefix computations by odd—even cyclic reduction
is shown in Figure 3. It is clear that each step requires unit distance communication. The,
bandwidth requirement is 2(2P — 1), which is a factor of ilog2 P lower than for a linear array
implementation. 2log, P — 1 arithmetic steps are required, just as on the linear array.

A binary tree algorithm is as follows:

if leaf node then
send value to parent
upon receipt of data from parent
add it to the local value
if internal node then
add the value received from the left child
to the value received from the right child
send the result to parent
if the node is not on the path from the
leftmost leaf to the root then
upon receipt of a value from the parent node
add it to the value received from the left child
and forward the result to the right child
forward the value received from the parent to the left child
else forward the value received from the left child to the right child
if root node
forward the value received from the left child to the right child

Note that the above algorithm requires fewer arithmetic operations than the algorithm depicted
in Figure 3.

The arithmetic complexity is the same as for a linear array. The communication complexity
is proportional to 2log, P, whether the communication system is packet switched or circuit
switched. Note however, that even though this bound is lower than for the linear array for
packet switched communication, the difference may not be as large as indicated by the bounds.
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Step 1. PassUp

5+6+7+8

Step 2: Pass Right

142+3+4

Step 3: Pass Down

1+24V \4—2\+3+4
\HG

1 1+2 (1+2)+3 (1+2)+(3+4) (1+2+3+4)+ (1+2+3+4)+ (1+2+3+4)+ (1+2+3+4)+
5 (5+6) (5+6)+7 (5+6)+(7+8)

Figure 3: Application of odd—even cyclic reduction to the solution of a linear recurrence on a
complete binary tree.
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>

Figure 4: Application of odd—even cyclic reduction to the solution of a linear recurrence on a
butterfly network.

The liner array has only short channels, while the complete binary tree has channels that at best
are of a length up to O(v/P/log, P), or even length P/4 with all leaf nodes on the boundary.

What is the speedup for odd—even cyclic reduction for parallel prefix computation on the
complete binary tree? What is the efficiency?

In our presentation of odd—even cyclic reduction for parallel prefix computation, all variables
were mapped to leafs of the tree. Can the efficiency be improved by mapping variables to all
nodes of the tree?

2.1.4 Odd—even cyclic reduction on a butterfly network

Complete binary trees are subgraphs of the butterfly network. Thus, our binary tree algorithm
can also be used with no slowdown on a butterfly network, as illustrated in Figure 4.

Though the complete binary tree emulation shown in Figure 4 is perfectly valid, parallel pre-
fix computations can be computed in one pass through the butterfly network, while the tree
emulation requires two passes, one from top to bottom, the other from bottom to top for
backsubstitution.

Devise a one pass butterfly network algorithm for parallel prefix computations!
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2 3 7 6 3 7 3 7 7
10 11 15 14 11 15 11 15 15
8 9 13 12 9 13

Figure 5: Application of odd—even cyclic reduction to the solution of linear recurrences on a
binary cube through folding.

2.1.5 0Odd—even cyclic reduction on a binary cube

Complete binary trees are not subgraphs of binary cubes. However, using a cube of a size equal
to the number of equations, and carefully mapping internal tree nodes to a subset of the cube
nodes used for the leaf nodes of the tree, allows each step to proceed with just nearest neighbor
communications.

The reduction phase for a binary mapping of the data to the cube nodes is illustrated in Figure
5. The algorithm can intuitively be described as a folding algorithm [10]. The cube is folded
one dimension at a time into a zero dimensional cube for the final reduction stage. The folding
takes place in successively higher dimensions. The parent node of a pair of tree nodes is mapped
to one of the nodes in the pair. Thus, in this mapping, the cube node to which the root is
mapped has log, P nodes mapped to it. For instance, in Figure 5, cube node 15 has four nodes
mapped to it; one leaf node, and three internal nodes of the tree.

With the data mapped to the binary cube in binary-reflected Gray code order, the folding
algorithm can still be applied, but the equation being updated is either the local variable, or
the received variable. The following simple rule can be derived from the binary-reflected Gray
code:

nodes with even binary addresses send their variables to the next odd node
if the local index is odd and the binary node address is odd then

update the local variable
if the local index is even and the binary node address is odd then

update the received variable and make it the local variable.

The rule is applied recursively. The algorithm in fact converts the binary-reflected Gray code
embedding of active variables to a binary code embedding of those variables.

The binary cube algorithms are load imbalanced in that some nodes participate in several
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0 1 6 7\ 1 7
3 2 5 4 3 5 3 7 7
12 13 10 11 13 11 15 11 15
15 14 9 8 15 9

Figure 6: Application of odd—even cyclic reduction to the solution of linear recurrences on a
binary cube with indices mapped by Gray code.

reduction steps. Temporary storage is required for as many variables as the number of reduction
steps in which a node participates.

The arithmetic and communication complexity is the same as for the binary tree algorithm.

2.1.6 Discussion of odd—even cyclic reduction for parallel prefix computations

The characteristics of our odd—even cyclic reduction algorithms for parallel prefix computations
on a few networks are summarized in Table 1. Our implementations on P node linear arrays
and binary cube network require that some nodes participate in several steps of each phase
of the algorithm, and that several variables be stored in nodes participating in more than one
step. The uneven storage need can be avoided at the expense of additional communication.

The linear array is clearly not attractive if communication distance is important, which is the
case for packet switching communication systems. For pipelined communication systems, and
so called wormhole routing, the distance is of very small significance. Contention is important
in both communication models. But, for the solution of linear recurrences as described above,
contention does not arise. However, in the case that multiple linear recurrences shall be solved,
then contention may become an issue, and so will computational load imbalance. We will
consider these issues further below.

Finally we remark that of the networks we investigated, only the linear array have unit length
channels. If the wire length determines the time with which the communication system operates,
then the time bound may be multiplied by a factor proportional to /P /log, P to VP for the
complete binary tree, v/P for the binary cube, and P/2 for the butterfly network.

What is the speedup and efficiencies if the clock period is proportional to the wire length and
the channel width inversely proportional to the number of channels per node?
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Total number of arithmetic operations: 2P —log, P — 2
Arithmetic operations in sequence: 2log, P —1
Total number of data elements moved: 2P —log, P — 2
Number of communication actions: 2log, P

linear array | compl. binary tree | butterfly network | binary cube
Total comm. bandw. req | Plog, P — £ | 4P —log, P — 2 4P —log, P —2 | 2(P—1)
Max comm. dist. g 1 1 1
Max comp. load/ node | log, P 1 1 log, P
Max storage/ node log, P 1 1 log, P
Number of nodes P 2P -1 Plog, P P

Table 1: Summary of computational characteristics of odd-even cyclic reduction for linear
recurrences on a few networks.

2.1.7 Parallel Cyclic Reduction

The parallel cyclic reduction algorithm performs a reduction operation on all equations for
which a solution has not yet been determined. The data interaction is illustrated in Figure 7.
Parallel cyclic reduction requires no backsubstitution. Note, however, that the odd—even cyclic
reduction algorithm requires less work in each step. In each step, odd—even cyclic reduction
only performs a reduction on half of the equations in the preceding step.

Algorithm Description

The parallel cyclic reduction process is shown below for P = 2P:
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Figure 7: Parallel cyclic reduction for linear recurrences.

2(0) = 0

2(j) = x(i—1)+y() j=1{1,2,3,....P}

w(j) = 2(j—2)+y() +y(i = 1) j=1{234,...,P}
v ()

2(j) = «(G—4)+yV0) + vy -2) j={3.4,5..... P}

w(j) = (i —8)+y" () fﬁ’(j —4) j=1{5,6,7,..., P}
¥ (3)

z(j) - x(j = P)+yP V() +y" V(G - P/2) j={P/2+1,P/2+2,...P}

y®) (5)

Performing the computations in—place for all p steps allow the computations to be defined by:

for k=1topdo
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for j =21+ 1 to 2? do

y(j) —y() +y(G—251)
endfor
endfor

For P = 8 the computations proceed as follows:

y(1) [ v(2) | y3) [ y(4) | y(5) | ¥(6) | ¥(7) | ¥(8)
1 | 2 | 3 4] 5 ] 6 | 7 | 8 |Initial
1| 3 | 5 | 7 | 9 | 11|13 15 |k=1,j=23456,78
1| 3 | 6 | 10| 14| 18 | 22 | 26 | k=2, j=34,56,7,8
1 | 3| 6 |10 |15 | 21 | 28 | 36 | k=3, j=56,7.8

In each step, the current result is added to itself shifted by an appropriate distance.
Matrix representation of parallel cyclic reduction

In matrix representation, the first step in the doubling process is represented by the matrix RY,
where

1 -
1 1 -
11
1 1 -
P __
Ry = 1 1 -
11 -
1 1 -
L 1 1_
Applying RY from the left results in
1 - .. 1 . . . . . . . z1 1 - . U1
S -1 1 . . . . . . o 1 1 - - . .. Y2
C11 Sl 1 : : C1 1 S :
11 -1 1 - 11
11 11 | = 11
11 S 1 : 11
L1 -1 : 11
11 Co-1 1 op 11 yp



COSC6365 — Spring 2008 — Lecture #27: Linear Recurrences

The matrix R} for the second reduction step is defined by

and BY = REBY, where

By

[Nl

[N eNeoll

SO O = -

[N elNel

1
0 1
0 0

1

For N = 8 the last reduction matrix is R%, which is easily seen to be

BY = REBY, or

OO OO O oo

SO OO OO~ -

slelelBolNell

S oo O =

SO O = -
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Thus, it is clear that RERSRY = B!, and no backsubstitution is required. The product R5RY
is easily seen to be

—_ = = =

RERY =

—_ = =
—_ = = =
—_ = = =

—_ = = =
—_ = = .
—_ = .

and RERSRY is

RERSRY =

— = = R e e e

I = T T T
O = T =S S G S S
— s s

— =
el = T =

— =

The number of steps is log, P. The number of operations in step k, k = {1,2,...,log, P} is
P —2%=1. The total number of operations is Plog, P — Z;(fé Plgi = P(log, P — 1) + 1.

The obvious sequential algorithm, which proceeds from the first to the last equation, requires
P — 1 arithmetic operations. Thus, parallel cyclic reduction requires approximately a factor of
log, P more operations than the sequential algorithm.

Parallel cyclic reduction is also suitable for vector computers. A total of log, P vector operations
are required. The vector length in step k is P — 2¥~!. Compared to odd-even cyclic reduction
parallel cyclic reduction requires almost exactly half as many vector operations, but a factor
of %log2 P more arithmetic operations. If the time for a vector operation is dominated by the
startup time for the vector operation, then it may be beneficial to use parallel cyclic reduction,
even though more work is performed. And compared to the sequential algorithm that does
not vectorize, the increase in computational efficiency must be at least a factor of O(log, P) in
order to justify the use of parallel cyclic reduction.

In parallel architectures with unbounded parallelism and communication bandwidth, parallel
cyclic reduction may yield a higher performance. However, if the arithmetic time is dominating,
as is the case for sufficiently large P relative to the number of nodes, or if the communications
bandwidth is a limiting factor, then odd—even cyclic reduction is likely to yield better perfor-
mance. We will now consider implementations of parallel cyclic reduction on a few network
topologies.
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2.1.8 Parallel cyclic reduction on a linear array

We first consider a linear array of P nodes for P variables. We note that each element in step
k moves a distance of 2¥=!. The total bandwidth required is:

log, P
] 3 3

The communications bandwidth required by parallel cyclic reduction is a factor of about
2P/(3log, P) higher than that of odd-even cyclic reduction. Moreover, from Figure 7 it is
clear that severe contention occurs on a linear array. Indeed, the number of edges of the graph
representing parallel cyclic reduction mapped to an edge in the linear array for the different
stages doubles for each stage, starting at 1 and ending with g.

P

Half of the nodes perform log, P operations, ¢ nodes perform log, P — 1 operations, etc.

Thus, we conclude that whereas the arithmetic time for parallel cyclic reduction is O(log, P),
the communication time due to contention is O(P). If the communication time dominates, then
the speedup is O(1) regardless of whether a packet switched or circuit switched communication
system is used.

2.1.9 Parallel cyclic reduction on a complete binary tree

Mapping the variables to the leaf nodes of a complete binary tree, then applying parallel cyclic
reduction leads to long communication paths in each step of the algorithm, and heavy congestion
at the root. Indeed, the congestion is the same as for the linear array, but the communication
distance is no longer nearest neighbor. Thus, with this mapping, parallel cyclic reduction is
not suitable for complete binary trees.

Is there another mapping and associated implementation of parallel cyclic reduction that yields
substantially better performance?

2.1.10 Parallel cyclic reduction on a butterfly network

The connectivity of the parallel cyclic reduction graph is similar to that of the butterfly network,
but not identical. The parallel cyclic reduction graph is a proper subgraph of the so called PM2I
or data manipulator network. Figure 8 shows a data manipulator network. This network has
p + 1 stages, each containing 2P nodes, just as the butterfly network. However, with nodes
within a stage j labeled (i, 7), where 0 <1 < 2P and 0 < j < p the connectivity is;

(i,7) < (1,7 +1), 0<i<2P, 0<j<p

(i,j) = (i+27,j+1), 0<i<2P—21 0<j<p
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Figure 8: A data manipulator network for p = 3.

(i,) > (i—2,j4+1), 22<i<2’, 0<j<p

It is immediately clear that parallel cyclic reduction for P variables can be implemented on a
PM2I network with P(log, P + 1) nodes with nearest neighbor communication and full paral-
lelism.

A butterfly network does not have the ideal connectivity, but has a connectivity that is ap-
propriate for an emulation of the parallel cyclic reduction graph with no slow down, i.e., the
graph can be emulated with full concurrency and nearest neighbor communication. The emu-
lation requires the use of one temporary variable in each node. The temporary variable keeps
a running sum. The butterfly network emulation is illustrated in Figure 9.

Both the arithmetic time and the communication time is of order O(log, P). the total number
of arithmetic operations is O(Plog, P) and the total communication bandwidth used is also
O(Plog, P).

The speedup is O( gf: 5) and the efficiency is O(logl2 ). If wire length is limiting the communi-
2

cation rate, then the speedup and efficiency may decrease by a factor of O(\/F)

The butterfly network, as well as the PM2I network, has an inherent inefficiency by a factor of
log, P for parallel cyclic reduction, since only one stage at a time is used. The efficiency can
be improved for the computation of multiple recurrences through pipelining.
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[1]o] [2]o] [3]o] [4]o] [s]o] [e]o] [7]o] [8]0]

[1]ss] [3]ss] [6e]as] [10]s6] [15]ae] [22]36] [28]s6] [a6]as]

Figure 9: Implementing parallel cyclic reduction on a butterfly network.

2.1.11 Parallel cyclic reduction on a binary cube

The binary cube can be viewed as a butterfly network collapsed by identifying all nodes in a
column in Figure 9. Hence, we expect that the binary cube may improve upon the efficiency
of the butterfly network by a factor of log, P for the computation of a single recurrence by
parallel cyclic reduction.

With the data mapped to the cube nodes by a binary-reflected Gray code nodes ¢ + 1 are
adjacent for any i. Nodes i & 2% are at distance two. Thus, the dilation is two for edges of the
form (i,7) — (i + 27,5 + 1) for j > 0, with a mapping of parallel cyclic reduction nodes (i, 5)
to cube node ¢ for all 7. The mapping of the edges of the parallel cyclic reduction graph to the
edges of the cube can be made such that the edge load is one for each emulation stage, i.e.,
there is no contention for communication channels [10]. This mapping is shown in Figure 10.
The routing is

e For the communication between nodes holding index 7 and index i + 2%, k > 0 send data
first in the lowest dimension that differs between 7 and i+ 2*, then in the other dimension.

Note that for a given k the lowest order that differ between i and i + 2* is the same for all .
Only the higher dimension that differs between i and i 4+ 2¥ depend upon i.

Since there is no contention with the suggested routing, each communication is effectively a
unit time operation in a circuit switched or wormhole routing system. In a packet switched
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Step 2

Step 3

Step 4

Figure 10: Communication for steps two, three and four for parallel cyclic reduction on a 16
node binary cube. Bidirectional links.
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Total number of arithmetic operations:  P(log, P —1) 41

Arithmetic operations in sequence: logy, P
Total number of data elements moved:  P(log, P — 1) + 1
Number of communication actions: log, P
linear array | compl. bin. tree | butterfly network | binary cube
Total comm. bandw. req @ Plog, P — £ 2Plog, P —3(P —1)
Max comm. dist. g log, P 1 2
Max edge load g g 1 1
Max comp. load/ node log, P 1 log, P
Max storage/ node 1 2 1
Number of nodes P 2P -1 Plog, P P

Table 2: Summary of computational characteristics of parallel cyclic reduction for linear recur-
rences on a few networks.

routing system, each communication requires two units of time, except the first communication,
due to the distance of two between i and i + 2*, k > 0.

If each connection between a pair of nodes only is used in one direction, then the edge—load
is two. But, since the two data items communicated across an edge is send during different
communication cycles, there is still no contention in a packet switched system. Figure 11 shows
emulation steps two through four of parallel cyclic reduction on a binary cube for P = 16,
assuming unidirectional edges.

Can the parallel cyclic reduction graph be emulated using only nearest neighbor communica-
tion?

For the binary-reflected Gray code embedding of the variables to nodes, the arithmetic time

is of order O(log, P) and so is the communication time. The speedup is of order O(; gIZ 5) and
1

Togs =), an improvement over the butterfly network by a factor of

the efficiency is of order O(
log, P, as expected.

For a fixed area, which of the two networks, butterfly and binary cube, is the fastest for parallel
cyclic reduction evaluation of parallel prefix? Which is the fastest if the channel width is
determining the running time and the width per node is fixed? What if the width per partition
of M nodes is fixed?

What is the communication time for parallel cyclic reduction on a binary cube with data
mapped in binary code instead of binary-reflected Gray code?

2.1.12 Discussion
Table 2 summarizes the computational characteristics of parallel cyclic reduction for parallel
prefix computations.

For parallel cyclic reduction the butterfly network and the binary cube are clearly preferable
with respect to communication. The binary cube achieves the same communication complexity
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Step 2, First Communication Step 2, Second Communication

Step 3, First Communication Step 3, Second Communication

Step 4, First Communication Step 4, Second Communication

Figure 11: Communication for steps two, three and four for parallel cyclic reduction on a 16
node binary cube. Unidirectional links.
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‘ Measurement ‘ OECR ‘ PCR ‘
Parallel Steps 2log N — 1 log N
Arithmetic Operations 2N —logN —2 | N(logN —1)+1
Communication Operations 2N —logN —2 | N(logN — 1)+ 1
Bandwidth Required on Linear Array | Nlog N — % %

Table 3: Comparison of odd—even and parallel cyclic reduction on linear arrays

‘ Algorithm ‘ Vector Operations ‘ Vector Lengths
OECR (Reduction) log N %, %, %, |
OECR (Backsubstitution) | log N-1 1,3,7,..., %—1
PCR log N N-1,N-2,N-4,...,N-Z

Table 4: Comparison of odd—even and parallel cyclic reduction on vector architectures.

as the butterfly network with a factor of log, P less nodes.

2.1.13 Comparing odd—even and parallel cyclic reduction

Both algorithms are inconsistent. A sequential algorithm requires P — 1 operations, odd—even
cyclic reduction requires 2P — log, P — 1 operations, and parallel cyclic reduction requires
P(log, P — 1) + 1 operations. The characteristics are summarized in Table 3.

Comparing a linear array implementation of parallel cyclic reduction and odd-even cyclic re-
duction with one data element per node, then if the arithmetic time dominates, parallel cyclic
reduction yields better performance, while odd—even cyclic reduction yields better performance
if the communication time dominates. Parallel cyclic reduction is more communication inten-
sive, and performs relatively better on networks with a large bisection width.

Table 4 summarizes the computational characteristics with respect to vector architectures.
When vector startup time dominates, parallel cyclic reduction may yield better performance
than odd—even cyclic reduction. However, for sufficiently large P, arithmetic time will dominate,
making odd—even cyclic reduction likely to perform better.

Derive implementations of odd—even cyclic reduction and parallel cyclic reduction on meshes
in two and three dimensions!

2.1.14 Oversized linear recurrences

It is rarely the case that there is a sufficient number of nodes to allow for one variable per node.
With a consecutive (block) allocation scheme % successive elements are allocated to each of NV
nodes. Emulating an odd—even or parallel cyclic reduction algorithm for P fold parallelism on
an N < P node array is inefficient both due to the fact that both algorithms are inconsistent,

and that unnecessary communication may be required.

Substructuring, domain decomposition, or condensation are terms used for techniques for reduc-
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Figure 12: Consecutive data allocation for a substructured linear recurrence solver.

ing the communication requirements for the solution of systems of equations on multiprocessors.
The techniques may also be advantageous on single processors. Substructuring and domain de-
composition may have a profound impact on the numerical properties of the algorithm.

A substructured linear recurrence solver is illustrated in Figures 12 — 14. The idea is that the
substitution process is carried out locally as far as possible, then a distributed system with
one variable per processing node is solved, followed by local backsubstitution. In matrix form,
the local substitution generates fill-in in all except the first partition. The result of the local
substitution on the system of equations is illustrated in Figure 13. The actions on the set of
variables is shown in Figure 14. By considering a system of equations consisting of the last
system in each partition, a reduced system containing /N equations and /N unknowns must be
solved. This reduced set forms a linear first order recurrence, and odd—even cyclic reduction or
parallel cyclic can be applied to this system, as described previously.

The local reduction and backsubstitution requires 2(% — 1) arithmetic operations. The dis-
tributed linear recurrence solution requires 2 log, N —1 operations in sequence, as before. Thus,

for P > N, the speedup with respect to arithmetic is ~ g 1)}; ;110g2 T % The efficiency
1

approaches 5 for P > N. The source of the inefficiency with respect to arithmetic is that

approximately twice as many operations are performed as in the sequential algorithm.
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Figure 13: A substructured linear recurrence solver.
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Yo 1 Yo
Y1 11 Y1
Ys o1 1 Y2
Y3 1 1 1 1 Y3
Yy 1 Ya
Vs 11 s
Ys 1 1 1 Y6
i B 1 1 1 1 yr
Ys 1 ys
Yo 1 1 Y9
Yio 1 1 1 Y10
Y 1 1 1 1 Y11
Yo 1 Y12
Yis 1 Y13
Y4 1 1 1 Y14
y’15 1 1 1 1 Y15

Figure 14: A substructured linear recurrence solver.

For P > N, substructuring results in a communication time that always is of a lower order
than the arithmetic time, and the speedup and efficiencies approaches that determined by the
arithmetic time alone.

2.1.15 DMultiple linear recurrences

Separate prefix operations may be required on each of the rows of a two—dimensional array, as
for instance in using the Alternating Direction Method in two dimensions. Let, y be an array
of two or more dimensions. The result x is an array of the same shape. In two dimensions the
computations are

for arrays of shape P x ) and a linear recurrence along rows (the Q—axis).

If the Q)—axis is local to a node, then the computations are embarassingly parallel. No com-
munication is required, and the sequential algorithm shall be used in each node. As long as
P > N, load-balance can be achieved.
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0 1 2 3 4 5 6 7
y(O, O) y(O, 1) y(O, 2) y(O, 3) y(O, 4) y(O, 5) y(O, 6) y(O, 7)
y(1,0) | y(1,1) | y(1,2) | y(1,3) | y(1,4) | y(1,5) | y(1,6) | y(1,7)
y(2,0) | y(2,1) | y(2,2) | ¥(2,3) | ¥(2,4) | ¥(2,5) | ¥(2,6) | y(2,7)
y(3,0) | y(3,1) | ¥(3,2) | ¥(3,3) | ¥(3,4) | ¥(3,5) | ¥(3,6) | y(3,7)
y(47 O) y(47 1) y(47 2) y(47 3) y(47 4) y(47 5) y(4: 6) y(4: 7)
y(57 O) y(57 1) y(57 2) y(57 3) y(57 4) y(57 5) y(5: 6) y(5: 7)
y(67 O) y(67 1) y(67 2) y(67 3) y(67 4) y(67 5) y(6: 6) y(6: 7)
y(7,0) | y(7,1) | y(7,2) | y(7,3) | y(7,4) | y(7,5) | y(7,6) | y(7,7)

Figure 15: A data allocation for multiple instance linear recurrence computations.

If the Q—axis is distributed across N nodes, then one technique is to transpose the array such
that the (Q—axis becomes entirely local, use the sequential algorithm in each node, followed by
a second transpose to restore the initial data allocation. As long as P > N load-balance is
achieved. The arithmetic efficiency is the best possible, and the communication expense is two
transpositions. Figure 15 shows the data layout for an 8 x 8 data array assigned to 8 nodes
with the P—axis being local to a node.

Another technique to perform the P parallel prefix operations would be to use the algorithms
discussed previously. For the butterfly network computations using the parallel cyclic reduction
algorithm can be pipelined. For the other networks we considered, namely the linear array, the
binary tree and the binary cube, the parallel cyclic reduction algorithm is not a good choice,
since at least half of the nodes are used in each step of the algorithm. With parallel cyclic
reduction a new computation can be initiated only once for every logo N steps. Though in our
implementation of odd—even cyclic reduction one node was used in each of the log, N steps for
the distributed part in the solution of an oversized linear recurrence, we will now show how
balanced cyclic reduction for multiple recurrences can be used to yield good load—balance.

The reduction steps of balanced cyclic reduction are shown in Figure 16, where the reduction
to odd or even equations is made for the first and second half of the number of instances,
respectively.

From Figure 16 it is clear that the communication and computational requirements are perfectly
balanced whenever () mod P = 0. The number of arithmetic operations performed in sequence
for the reduction phase is %(% + 8+ = %(P — 1) = Q. For the backsubstitution phase
%(P — 2) arithmetic operations are required. Thus, with respect to arithmetic operations the
speedup is ~ Q(%Q_l) ~ £. The efficiency is ~ 1.

Balanced reduction (and backsubstitution) reduces the communication requirements in an anal-
ogous way. The communication distance remains the same for each communication step, but
compared to the unbalanced algorithm resulting from a direct application of the algorithm for
a single system, the number of variables that must be communicated is reduced by a factor of
two in each communication step. In all, the balanced algorithm yields a log, N factor reduction
in communication time compared to the unbalanced algorithm.



34

COSC6365 — Spring 2008 — Lecture #27: Linear Recurrences

Fe~~ ~ ~
o T N B (= S = O O A
= o~ o~ N AN ™
S =S = =
e — — —
67 67 6767 6767 67
ol | [ £l [ [ £ | | [ [1E] ]|
S == SN =
A~~~ —~ —
5.; 5.;KU’KU’ 5.;KU./ 5.;
e o R I O > O O O B
= o~ o~ (o | [2]
S =S SN =
FTETE e =
[ | [ £l [ [ | [ sl [ | ][ ]£]
S == SN >
e —— —
37 373/3/ 37 37 37
el ST o T I B T (= e O O A
B B >
A~~~ —~ —
2.; 2.; 2.; 2’ 2’ 2.; 2’
o L O O B O B 0 O O A P B
= e s RSN S
e — —
— o — i
Sl S T I o I O . O B
S == == =
EREEE=) == =
ol | [ £l [ [ | [ el [ || |=
= e s RSN >
o
)
wn
o]
Q
~ — ™ ™

Figure 16: Balanced odd—even reduction for multiple instance linear recurrence computations.
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What is the speedup and efficiency of balanced cyclic reduction when both arithmetic and
communication time is accounted for on a linear array? one a binary cube?

How does the balanced reduction algorithm perform on a complete binary tree? A butterfly
network?

2.2 General first order recurrence
We now return to the general first order recurrence

x(j):a(j)x(j—1)+y(j), y(O)ZO, j:{l)Q,,,,,P}

The general linear recurrence can represented in matrix form as

1 : : : : : : : I n
—a(2) 1 . . . . : : o "
S a3 1 . . . L . .

. —a(4) 1 B

. —a(b) 1 B

. —a(6) 1
: —a(7) 1
I - —a®) 1 lzp | Luyp |

z(1) = y(1)

2(2) = a()z(l) +y(2) =

z(3) = a3)x(2) +y3) = aB)a(2)y(1) +a(3)y(2) +y(3)

z(4) = a@)z3)+y(A) = a(d)a3)a2)y(1) + a(4)a3)y(2) + a(4)y(3) + y(4)

In general, we have

Note that if a(i) = z for all i, then z(i) = ¥/_{ y(i — j)2, i.e., (i) is an ith order polynomial.
Indeed, the substitution process in unexpanded form yields

z(1) = y(1)

2(2) = a()z(l)+y(2) =

z(3) = a(3)x(2) +y3) = aB)(a(2)y(1) +y(2)) +y(3)

z(4) = a@z3)+yA) = a(@)(a3)(a()y(1) +y(2)) +y(3)) +y(4)

z(5) = a(®)z(4)+y((5) = ad)(a(4)(a3)(a(2)y(1) +y(2)) +y(3)) +y(4)) +y(5)
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which we recognize as Horner’s rule. The sequential evalation of x(i) by Horner’s rule requires
2(i — 1) arithmetic operations, which is the best possible.

2.2.1 Evaluating general linear recurrences through parallel prefix computations

Returning now to the expression (i) = >_, (H};:jﬂfz(lﬂ)) y(j), we recognize that if a(k) = 1
for all k£, then we have a 4 parallel prefix. Similarly, if y(1) = 1 and y(j) = 0 for all j, then we
have a x parallel prefix.

Let T(i, j) = M_;a(k). Then, x(i) = Xi_, T(i,j + Dy(j). But, T(i,j + 1) = 753 Thus,

where ¢g(j) = Ty((j i). This expression suggests the following evaluation procedure for x(i) for all

1.

Evaluate T'(i, 1) for all i by a x parallel prefix operation.

Evaluate g(j) for all j by an elementwise divide.

Evaluate h(i) = ¥'_, g(j) for all 7 through a 4 parallel prefix.

Evaluate z(i) by a pointwise multiplication T'(i, 1)h(7).

This procedure requires a total of 2(P — 1) 4+ 2P arithmetic operations for the evaluation
of P —1 terms (2, 3, ..., P) of the recurrence on a sequential computer. Using odd-even
cyclic reduction for a parallel evaluation of the prefix operations the total number of arithmetic
operations become 2(2(P — 1) —log, P) + 2P = 6P — log, P — 4.

Unfortunately, the x parallel prefix operation may result in overflow or underflow. Numerically
the scheme is not robust [3]. A remedy could be to take the logarithm of the products, and use
a + parallel prefix on the logarithms and then exponentiate the result. However, this procedure
is both time consuming and not very accurate.

An alternate formulation with the goal of using parallel prefix evaluation for the recurrence is
the following
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l 2(7) 1 — MM —1)---M(2) l y(11) ] ,

and all z(7) can be evaluated using a x parallel prefix computation on 2 x 2 matrices. Note
that due to the particular form of the matrices, each product only requires three arithmetic
operations and returns a matrix with the same structure, i.e,

M(i)M(i_l):lag) y(lz')Ha(z'O—l) y(il—l)]:[g 1]'

Furthermore, the multiplication of one of these matrices with a vector requires two arithmetic
operations. Thus, in the matrix formulation we have not introduced any new operations.
Sequential evaluation can still be performed in 2(P — 1) arithmetic operations. Evaluating
the x parallel prefix operation with odd—even cyclic reduction results in 3(2(P — 1) — log, P)
arithmetic operations, followed by 2(P — 1) arithmetic operations for the evaluation of all z(7),
1 = 2,3,...,P. Thus, with this parallel evaluation scheme the total number of arithmetic
operations is 8(P — 1) — 3log, P, which exceeds the arithmetic count of the previous algorithm
for the evaluation by approximately 2P operations.

2.2.2 Odd-—even cyclic reduction for general linear recurrences
We will now present an odd—even cyclic reduction version of Kogge and Stone’s [15] algorithm

for general linear recurrences. The algorithm requires a total of 5P — log, P — 6 arithmetic
operations. In the description of the algorithm we use the definition

Qig) = 3" TGk + Dy(k)

k=]
From this definition it follows that
QUi,§) = Sp T, k+ 1)y(k) + Sie s Tk + Dy(k)
= T(i,m+1) X0 T(m, k+ y(k) + Si_ e TGk + Dy (k)
= T(,m+1)Q(m,j)+Q(i,m+1)

Note further that Q(i,7) = y(i).

The reduction phase of the odd—even cyclic reduction algorithm is as follows:
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2(G) = a()ali—1)+y(j)
= T(j,j)x(]—1)+y(j) j:{l)Q)S,,,,,P}

w(j) = TGHTG =17 -z =2)+ T35y — 1) +y(0)

= T(],j—3)$(]—4)+@(],j—3) j:{4,8,12,...,P}

In particular, for j = 2P we have
z(2P) =T(27,1)x(0) + Q(2F,1) = Q(2%,1)

Thus, for the reduction phase of odd—even cyclic reduction for a general linear recurrence we
need to perform the computations

for k=1topdo
for j = 2F step 2* to 2 do
T(,j—2F+1) —T(j,j— 21+ 1)T(j — 2k, 5 — 2F)
QU =2+ 1) = T(j,5 = 271 +1) x QU = 21,5 = 2 + Q(juj — 2 + 1)
endfor
endfor

For the backsubstitution phase we perform the computations

for k=p—1step-1to1ldo
for j = 2- 2" step 2* to 27 do
QU —2"11) = TG~ 25— 28 + 1) x Q(j — 25, 1) + Q(j — 2", j — 2% + 1)
endfor
endfor

Each reduction step requires three arithmetic operations in a node and each backsubstitution
step requires two arithmetic operations in a node. Figure 17 shows the reduction and backsub-
stitution phases of odd—even cyclic reduction for the solution of a general linear recurrence.

Write a binary tree algorithm for odd—even cyclic reduction!
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Reduction Phase

a7a8[aby5+y6]+a8y7+y8
aSa6a7a8

Q(4,1)=a3ad[a2y1+y2]+ady3+y4
ala2a3a4

Q(2,1)=a2y1+y2 ady3+y4 aby5+y6 a8y7+y8
ala2 a3ad a5a6 a7a8
yl y2 y3 y4 y5 y6 y7 y8
al a2 a3 a4 ab a6 ar a8
yl y2 y3 y4 yo y6 y7 y8
al a2 a3 a4 ab a6 a7 a8
Back Substitution Phase
Q(4,1)
Q2,1 Q4,1 a5a6Q(4,1)+aby5+y6
yl Q2,1 a3Q(2,1)+y3 Q4,1 a5Q(4,1) a5a6Q(4,1) a7[a5a6Q(4,1)
+y5 +aby5+y6 +aby5+y6]+y7
[ | J [ | J [ | J [  J
a2yl+y2 a3Q(2,1)+y3  ad[a3Q(2,1)+y3]+y4 a5Q(4,1)+y5  ab[a5Q(4,1)+y5]+y6 a7[a5a6Q(4,1) ag[a7[a5a6Q(4,1)
+aby5+y6]+y7 +aby5+y6]+y7]+y8

Figure 17: The reduction and back substitution phases of odd—even cyclic reduction for a

general linear recurrence
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2.2.3 Parallel cyclic reduction for general linear recurrences

The solution of a general linear recurrence can also be expressed using parallel cyclic reduction.
Using the arrays a and y for all log, P steps, the computations are defined by [15]

for k=1topdo
for j =2 to 27 do
y(7) < y(4) +a(fy(j — 2871
a(j) — a(j) x a(j — 2+°1)
endfor
endfor

Compared to the parallel prefix computation, the communication is doubled, since both 7" and
() must be communicated.

2.2.4 Algorithms with few multiplications

In the conventional binary number system multiplication either requires more time or more
hardware resources than addition and subtraction. Division is even more resource demanding
than multiplication.

Kung [16] has devised a collection of algorithms for parallel architectures that use addition
on the longest path and at most a few steps of embarrassingly parallel multiplication and/or
division. Thus, for instance, instead of a x parallel prefix requiring a time of log, P multiplica-
tions for the computation of 22,23, ..., 2", Kung’s algorithms computes this prefix operation
in log, P additions plus a constant number of parallel addition/multiplication or division.

We illustrate the idea in computing z*. First, Borodin and Munro [1] has shown that if division
is not used, log, P multiplications in sequence is indeed the minimum number of operations
required for the evaluation, regardless of the number of processors used. Hence, it is necessary
to find an algorithm using division to evaluate . Kung’s algorithm is based on the following
observation

Si G(z)
r—r; 12, (x—r)

c-3

=1

To make effective use of this relationship in computing %, r; for i = 1,2,..., P are chosen as
the roots of the equation ¥ —r = 0, and s; are chosen such that G(z) = 1. With this choice,

and
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Assuming that s; and r; are already known, the computations consists in

1. Compute x — r; for i ={1,2,..., P}.
2. Compute ;% for i = {1,2,..., P}.
3. Compute C.

P _
4. Compute z° = & + 7.

The total time is t 4-logp +2(ta+tp) on P processors, where t 4 is the time for addition/subtraction
and tp is the time for division.

For the algorithm to work we need to show that s;, ¢ = {1,2,..., P}, can be determined such
that G(x) == 1, and choose r. We have

Thus, G(ri) = silljze(rr — ;). We can find a simpler form for the product by considering the
derivative of z” —r =TI, (z — r;) at 7.

P
Pzt =3 Tz — 1))
=1
and for x = ry,
Priy ™ = W (ry, — 1)

Thus, G(ry) = Psgry '. Choosing s = 2 yields G(ry) = g = 1, since ry is a root of
x¥ —r = 0. Hence, with s; = £ for ¢ = {1,2,..., P}, G(r;) = 1 for all P values of i. But,
since G(z) is a polynomial of degree P — 1 it must be true that G(z) = 1.

It remains to choose r. It should be selected such that good numerical properties are achieved.
In particular, r # x.

The algorithm can be extended to the computation of A”, where A is a matrix. The operation
1/(A—ril) = (A—r)"" represents matrix inversion. Thus, for all i, r; # A\, where ),
k=1{1,2,..., P are the eigenvalues of A.
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To perform the x parallel prefix computation we use the above algorithm to compute 2z, =
2y =0 2 p = 2VP_ which can be accomplished using 2+ 3+ - -+ VP = @ <P
processors. Then, we compute y; = Zi/ﬁ for i = {2,3,..., \/F}, which again can be accom-
plished with the algorithm above using less than P processors. Finally, we compute v; ; = v;2;
for 4,5 = {1,2,.../P — 1}, which can be made in one step with P processors. Note that

v j = 2VP+i_ Hence, the parallel prefix algorithm can be summarized as

1. Compute z, = 2°, 23 = 2%, ..., 2 /p = zVP.

2. Compute y, = 2\2/1—3,y3 = zf’/ﬁ, L Yyp = zg.

3. Compute v; j = y;2; for 4,5 = {1,2,...v/P —1}.
The time required is 2(t4 log, VP + 2(ta+tp)) +tay =talogy P+ 4(ta +tp) + ta, where ty,
is the time for a multiplication.

For the polynomial evaluation Zfi La(i)x’, we can use the x parallel prefix algorithm above,
followed by one step of parallel multiplication, and a parallel summation. The time is propor-
tional to 2t4log, P + const. The factor of two can be removed at the expense of additional
processors [16].

Finally we note that a product of the form I/, (z+a;) can be evaluated using techniques almost
identical to those used in computing #. The only difference is that we need not introduce the
variable 7, and that s; = (IL; 4 (a; — a;)) 7.

2.2.5 Additional references
Hardware implementations of linear recurrences have been studied by Gajski [5, 6]. Additional

implementation results are also provided by Kogge in [14].

3 Higher order recurrences

An mth order linear recurrence has the form
x(j)=a(f, De(j —1)+a(f,2)x(j —2)+ -+ a(j,j —m)z(j —m) +y(j)

m initial values are required to start the recurrence. It can be converted into a first order
matrix recurrence by defining

(4)
z(j —1)
Z()=| =(-2)
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&(],1) CL(],Q) (]7 _1) (]7 )
1 0 0 . 0
A(j) = 0 1 0 0
0 0 1 0
0 0 1 0
and
y() ]
0
Y =1 0
. O -
Then,

Z2()=AG)20G -1 +Y(j)

where A is an m x m matrix. However, unlike our 2 x 2 matrices for the first order linear
recurrence, the structure of a product of two matrices is no longer the same as that of the
matrices forming the product. The matrices fill in with nonzero values. Moreover, each Z(j)
only contains one new component of Z. Hence, computing the sequence Z(2) Z(3), Z(4), etc
is very wasteful. The efficiency can be improved by only computing every mth value.

(k+1)m
Z((k+ 1ym) = (5507 AG)) Z(km) + kz (M AG)) Y (r)
r=km+1
Define  X(k + 1) = Z((k + Lm), Uk + 1) = (IEITAG))

and V(k+1) = 2507 (VT AG)) Y ().

Then, the mth order recurrence can be expressed as
Xk+1)=Uk+1)X(k)+V(k+1), k={1,2,...,P/m}

U is a dense m x m matrix.

4 Lower bounds

Odd-even cyclic reduction is inconsistent with sequential parallel prefix computations by about
a factor of two. For general linear recurrences odd—even cyclic reduction requires approximately
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5P operations versus 2P operations for the sequential algorithm for the evaluation of P steps
of the recurrence.

Parallel cyclic reduction requires about P log, P arithmetic operations, and is inconsistent by
a factor of about log, P for parallel prefix computations. For general linear recurrences parallel
cyclic reduction requires about 3P log, P operations.

This raises the issue of whether a more efficient parallel algorithm than odd—even cyclic reduc-
tion exists. Hyafil and Kung [9] have shown the following result.

Theorem 1 Any algorithm for evaluation of a general linear recurrence of P terms, must
require at least 3P — t/2 operations, where t is the running time of the algorithm.

The sequential algorithm requires time t = 2P, and the number of arithmetic operations must
be at least 3P — (2P)/2 = 2P, which indeed is the number of operations for the obvious
sequential algorithm. The faster the algorithm runs, the more operations are required, as a
minimum. For an algorithm that runs in time 5log, P, such as odd-even cyclic reduction,
the number of operations must be at least about 3P. Hence, odd—even cyclic reduction is
suboptimal by at most a factor of g with respect to the total amount of work. Parallel cyclic
reduction that runs in time 3log, P is suboptimal by a factor of about log, P.

Hyafil and Kung also showed that for a relatively small number of processing nodes, N << P,
the best possible speedup for any parallel algorithm is ~ %N .

Kung [16] have also showed that log, P operations in sequence is a lower bound for the evalua-
tion of any rational function of degree P. The proof is based on induction in the growth of the
degree of the polynomials that can be generated with computational nodes with at most two
inputs, i.e., a node can add/subtract, multiply or divide two elements in a time of t4, ¢, or
tp. Hence, the Pth iteration of a linear recurrence cannot be evaluated in time less that log, P.

Additional complexity results on parallel prefix computations are contained in [17].

5 Non—Linear recurrences

Non-linear recurrences cannot be sped up by more than a constant factor, as proved by Kung
[16]. The proof is based on the growth of the degree of a rational function. Let z; = f(z;_1),
then if the degree of f, defined as the maximum degree of the nominator or denominator is d,
then the recurrence results in zp having degree d”. Thus, the time to evaluate a recurrence of
degree d > 1 is at least Plog,d, i.e., the time must be proportional to P as for any sequential
algorithm. This result implies that recurrences of the form

1( n 1
T; = —\Ti—
9 1

)

Ti—1

can be sped up through parallelism by at most a constant factor. (This Newton iteration
scheme is the common form for computing square roots.)
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6 Stability

For a discussion of numerical accuracy in parallel prefix and recurrence computations see for
instance [3] and [4].
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