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ÇiÈRÇÊÉVË�Ì®ÍDÎ�ÏÑÐ­Ò/ÌDÓHÎ[Ë
MY:=OTC�Ô|69:VORClLÕ8TCl:=OTS=KDIPKDB�L®C*U/C*K9L9OÄ<DCE:tÖ§IP×JØÕSVKÙ:=O;OTCEO;ORIPKDBNQ;<DC½ORIP>ÄIJ×¶:?8;IJQHØÕ6~C*QHÚ�CEC*KÛ\*:=OTCEOEX�Ü§IP>ÅIP×¶:?8;I¨QHØÝ:VOTOTCEO;OR>ÄCEKVQÅIPO
QT<9C�Q;:VOR]�S?Þ�L®C*QTC*8;>ÄIJK9IJKDB$Ú�<DIP\-<N\E:=OTCEO7:=8TC�OTIP>ÅIP×¶:?87Q;S¸CE:V\-<ÁS?QT<9C*8­:=K9LÁÚ�<DI¶\-<N:?8;C�L®I¶OTOTIJ>ÄIP×P:=8EX9ßeK½B=C*K9C*8-:?×xà9L®C�á~KDIJK9B
L®I¶OHQ-:?K9\*C°Þ�âDK9\�Q;IJSVK9O�I¶O7:ÄL®IJã"\*âD×JQÑ:?K9L$QTClL®IJSVâ9O%Q-:=OT]/X
ä <DCE8TC�:?8;C7OTC*Ö=CE8;:=×§â9ORClOiS?Þ�L®I¶ORQ;:?K~\�C%Þ�âDK9\�QTIPS=K9O[IJK"\E:=OTC�Ô|69:=OTCEL48TCl:=OTS=KDIPKDBÆ:?×P×DS?ÞµÚ�<DI¶\-<"\*:=KÅ6/C*K9C�áDQ�Þ�8;S=>åL®I¶OHQ-:?K9\*C

Þ�âDK9\�QTIPS=KÁ×PCE:?8;KDIPKDB9X§ßeKÁ\*:VORC*Ôx69:VORC°\�×¶:=O;ORIJá~\E:�QTIPS=K3à§\E:=OTCEOY6/C*×PS=KDBVIJKDB4QTSÅQ;<DC�OT:=>ÄC°\*×P:VOTO%OT<DS=âD×¶L�<9:tÖ=CÆ:Å×JS�ÚYC*8%L®I¶OHQ-:?K9\*C
QT<~:?Kæ\E:=OTCEO�IPKæL®IJç/CE8TCEKbQ­\�×¶:=O;ORClO*X/5èB=S§S®L½L®I¶OHQ-:?K9\*C�Þ�âDK~\�QTIPS=KæIPOÑS=KDC Q;<9:�Q°×JCl:=LDO7QTS$:¸<DIJBV<D×PØÁ:V\*\*âD8;:?QTC�\*×P:VOTOTI¨á~C*8lXDßeK
\*:VORC�6~:=OTC�>Ä:=IJKbQ;C*K9:=K9\�CVà�QT<DC­\*:=OTC�69:VORC�I¶O�8;C*SV8TBb:?KDIPé*ClL�IPKVQ;Sy\�×Pâ9ORQTCE8;O�OTSÆQT<~:�Q�OTCE:=8;\-<4QTIP>ÄC7IPO[8TClL®â9\*CELÅ6§ØÅ\*S=K9OTâD×JQTIPKDB
QT<9CÆ\*×Jâ~OHQ;C*8lê OY8;C*UD8;CEOTC*KbQ;:?QTIPÖ=C�á~8;ORQEX~MY:VORClO�ÞG:=8�Þ�8;S=>ëQ;<DCÆ8TCEUD8;CEOTC*KbQ;:?QTIPÖ=CÑS=Þ�QT<9CÆ\*×Jâ~OHQ;C*8�\*:=K$6/C°8;C*>ÄS�ÖVCELÄQ;SÅIP>ÄUD8;S�Ö=C
OTCE:?8-\-<¸Q;IJ>ÄCVX95ìB=S§S®L�LDIPORQ;:=K9\�C°Þ�âDK9\�QTIPS=KÁI¶O�S=KDC°Q;<9:�Q7×PCE:VLDO�QTSÄQTIPB=<bQ7:?K~L
\*S=<DClORIPÖ=CÆ\�×Pâ9ORQTCE8;OEà®C�ç{CE\�QTIPÖ=C*×PØ¸SV8TBb:?KDIPé*IPKDB
QT<9C¸\*:=OTCÅ69:=OTC=X{ßeKÕ\*:VORC*Ôx69:VORClL½8;C�QT8;IPC*Ö�:?×xàµORCEÖ=C*8-:?×i\E:=OTCEO°8TCE×JCEÖ�:?KbQ­Q;S½:�â~ORCE8Eê O íbâDC*8;ØN:?8;C48;C�Q;âD8;KDCEL�:?K9L¼â9OTC*8-OÆORCEK9L
Þ�C*ClL®69:V\-]ÄQTSÅIJ>ÄUD8;S�Ö=C­8TC*QT8;IJCEÖt:=×�X§5îB=S§S®L$L®I¶OHQ-:?K9\*CÑÞ�â9K9\�Q;IJSVK�I¶OYS=KDC­QT<9:?QY8;C�Q;8TIPC*ÖVCEOY:yÖ�:=8TIPC�QHØÄS?Þ	8TCE×JCEÖt:=KbQ%\E:=OTCEO[Þ�S=8%:
â9OTC*8lê O%íbâDCE8TØVXbZ�:=\-<
S?Þ3Q;<DCEOTC :?UDU9×JI¶\*:?QTIPS=K9OYUD×¶:=\*CEO%L®IJç/CE8TCEKVQ�8;CEíbâDIP8TCE>ÄC*KbQ;O�S=K�QT<DC L®I¶ORQ;:?K~\�C°Þ�âDK9\�QTIPS=K�à®Ú�<DI¶\-<
>Ä:=]=ClO
>":?K§â9:=×J×PØ"QTâ9KDIJK9BÄQT<DC L®I¶OHQ-:?K9\*CÆÞ�âDK9\�QTIPS=K½L®IJã"\*âD×JQEX
ï âDC%QTS Q;<DC�ÞG:V\�QiQT<~:�Q�L®I¶ORQ;:?K~\�C%Þ�âDK9\�QTIPS=K9O�:?8;C�L®I¨ã¸\*âD×¨Q[QTSyL®ClORIPB=KÅÞ�SV8[L®IJç/CE8TCEKVQ[:=UDUD×PIP\E:�Q;IJSVK9O*à=I¨Q[I¶OiÚYS=8TQT<§Ú�<DIP×JCYQ;S

×PSbSV]¸Þ�SV8Ñ:?UDU98TSb:=\-<DClOYQT<9:?QÑ×JCl:?8;K½L®IPORQ;:=K9\�C�Þ�âDK9\�Q;IJSVK9O�Þ�8;S=>AQT<DCÅ\*:VORC 69:VORCVXDßeK½U9:=8RQ;IP\*âD×P:=8%QT<DI¶O°\-<9:?U®Q;C*87Ú�IP×P×	L®I¶OT\*â9O;O
>ÄC�Q;<DS®LDO¸IPKðQT<DCæ\*S=KbQTC*ñ§Q¸S?Þ�\�×¶:=O;ORIJá~\E:�QTIPS=K3àiÚ�<DC*8;CÁQT<DCæB=SV:=×�S?Þ ORâ9U~CE8TÖ§I¶ORClLðOTIP>ÅIP×¶:?8;I¨QHØð:=O;ORClOTOT>ÄC*KbQ"IPOÄQ;SÕS=6®Q-:?IPK
L®I¶OHQ-:?K9\*C
Þ�âDK9\�Q;IJSVK9OÅQT<~:�Q$OTC*U9:=8;:?QTC�\E:=OTCEOÅ6/C*×PS=KDBVIJKDB�Q;S»LDI¨ç{C*8;C*KbQ¸\�×¶:=O;ORClOÅÚ�CE×J×xX�M�S=K9OTCEíbâDCEKbQT×PØ=à�QT<DCNO;\�SVU~CÁS=ÞÑQT<9C
>ÄC�Q;<DS®LDO�LDIPO;\�â9O;OTCELÄIPK"QT<DI¶OY\-<9:?U®Q;C*8�I¶O�×JIP>ÄI¨Q;CELÄQ;Sy\*:VORC76~:=OTCEOiQ;<9:�QY<9:tÖ=C7\*×P:VOTO[×P:=6~CE×POEX§M�×¶:=O;O�×¶:?6/C*×¶O�CEI¨Q;<DC*8�8TCEUD8;CEOTC*KbQ
K9:?QTâD8-:?×/\�×¶:=O;ORClO�S=8%\*:=U®QTâ98TC7IPK®Þ�SV8T>":�Q;IJSVK$:?6/S=âDQ[QT<9C­8;C*×PC*Ö�:?K~\�ØÅS?Þ3:�U~:?8TQTI¶\�âD×¶:?8Y\*:=OTC�Þ�SV8Y:yU9:?8TQTI¶\�âD×¶:?8�â9OTC=X ï IJç/CE8TCEKbQ
>ÄC�Q;<DS®LDO":?8;C$KDCECEL®ClLÝÞ�SV8ÄâDK9OTâDU~CE8TÖ§I¶ORClLÝ×PCE:=8TKDIPKDBæQ;:=OT]®O*àiOTâ9\-<Ù:VOÄ\�×Pâ9OHQ;C*8;IJK9B9X ä <DC½\�×¶:=O;Oy×¶:?6/C*×¶OÄ:=O;ORS®\*IP:?QTCELòÚ�I¨Q;<
L®IJç/CE8TCEKbQY\*:VORClO�\E:?K"6/C­Ö§IPC*ÚYCEL¸:VO�Þ�CECEL®6~:=\-]4QT<9:?QEà®:=O�Ú�CÑÚ�IJ×P×µORCEC=àbIPO�IJK~OHQ;8TâD>ÄCEKVQ-:?×~Þ�S=8�Q;:=IJ×PS=8;IJK9ByL®I¶OHQ-:?K9\*C7Þ�âDK9\�QTIPS=K9O
Þ�S=87:ÅU9:=8RQ;IP\*âD×¶:?8�\�×¶:=O;ORIJá~\E:�QTIPS=K$Q;:VOR]{X
W�IJBVâD8;CNó=XPó¸IP×J×Pâ9ORQT8-:�QTClO�Ú�<9:?QÅL®I¶ORQ;:?K~\�C"Þ�âDK~\�QTIPS=KÙ×JCl:?8;KDIPKDBÁÞ�S=8ÄORâ9U~CE8TÖ§I¶ORClLÕORIP>ÄIJ×¶:?8;I¨QHØ»:=O;OTCEO;OR>ÄC*KbQ�I¶O�Q;8TØ§IPKDB½Q;S

:=\E\�SV>ÅU9×JI¶OR<3ô?I¨QYL®C*UDI¶\�Q-O�QT<9CÑL®I¶OHQ-:?K9\*CEOiS=Þ�ólõ \*:VORClO*à=ö°S=Þ{Ú�<9IP\-<Ä6/C*×PS=KDBÆQ;Sy: \�×¶:=O;O�QT<9:?Q[I¶O�I¶L®C*KbQTIJá9ClLÄ6bØÅ: OTíbâ9:=8TC�:=K9L
÷ 6/C*×PS=KDB�QTSy:�LDI¨ç{C*8;C*KbQ�\*×P:VOTO�QT<9:?Q[IPO[IPLDC*KbQTIJá9CEL¸6bØÄ:�\*IJ8-\�×PC=XVø�<DC*K¸â~ORIPKDB Q;<DC7IPKDI¨Q;IP:=×/LDIPORQ;:=K9\�C�Þ�â9K9\�Q;IJSVK

dinit
Ú�CÑLDS

KDS=Q7S=69OTC*8;Ö=C°>yâ9\-<½\*×Jâ9ORQTCE8TIPKDBÄÚ�IJQT<Á8TClORU/CE\�Q�QTSÄQ;<DCÆQHÚ�S"\*×P:VOTOTCEOEX9ÜbQ;:=8RQ;IJK9B4Þ�8;S=>AQT<DI¶O7L®I¶ORQ;:?K~\�CÆÞ�âDK9\�QTIPS=K�à9Ú�C ÚYS=âD×¶L
×PIJ]VCÄQTSÁS=6®Q-:?IPKÕ:�6/C�QTQTCE84L®I¶OHQ-:?K9\*CÅÞ�âDK9\�Q;IJSVK

dgood
ORS
Q;<9:�Q Q;<DC¸\*:VORClOÆ6~CE×JSVKDB=IPKDB
QTSÁQ;<DC¸OT:=>ÄC¸\�×¶:=O;O :?8;CÄ\*×Jâ~OHQ;C*8;CEL

QTSVB=C*QT<DCE8EX�ßeKÕW�IPB=âD8;C½ó=XPó"Ú�C¸\E:?K»I¶L®C*KbQTIJÞ�Ø»õ½\�×Pâ9OHQ;C*8-OÆÚ�I¨Q;<Õ8TClORU/CE\�Q QTS
dgood

à	ùÁ\�SVKbQ;:?IPKDIPKDB½S=K9×JØ�\�IP8;\*×JClO :?K9L�S=K9C
\�SVKbQ;:?IPKDIPKDB�SVKD×JØ¸O;íbâ9:?8;CEOEX=ø�<§ØÄI¶O�IJQ%6~CEKDC�á~\*IP:=×9Q;Syá~K9L$OTâ9\-<$:4L®IPORQ;:=K9\�CÑÞ�âDK9\�QTIPS=K

dgood úÆû SVORQ�IP>ÄU~SV8RQ-:?KbQT×PØ=àbâ9OTIJK9BQT<9CÅ×PCE:=8TK9CELæLDIPORQ;:=K9\�C4Þ�âDK9\�QTIPS=K»IJK»\�SVK�FHâDK9\�QTIPS=K�Ú�I¨Q;<�:
k
Ô|KDCE:=8TClOHQ°KDC*IPB=<§6/S=8 \�×¶:=O;ORIJá9CE84üPóEýtþ[:=×J×PS�Ú7O°â9O­QTSÁS=6DQ;:?IPK¼:



� ��¬VcRa*ª§a*f���aE©Eªb_;c��x_-pvcRaEg¸a*g§²"k�ª=cHp¨u|dHhE`bª"·�´���p¨oR³
\�×¶:=O;OTI¨á9CE8	Ú�IJQT<Ä<DIPB=<4UD8;CEL®I¶\�Q;IJÖVCY:V\*\�â98;:V\�Ø=X�W9S=8�C�ñD:?>ÄUD×PC=àtIJÞ~ÚYC%â9ORC%:Æõ�Ô|KDCE:=8TClOHQ�KDC*IPB=<§6/S=8�\�×¶:=O;ORIJá9CE8�Ú�IJQT<

dgood
I¨QiÚ�IP×J×

<9:tÖVC4ólý=ý��å:V\*\*âD8;:V\�Ø"Ú�IJQT<Á8;CEOTU~Cl\�Q%QTSÄ×PCE:tÖ=C*ÔxSVKDC�Ô|S=âDQY\�8;SVO;ORÔxÖ�:?×PI¶LD:�Q;IJSVK�àVÚ�<9C*8;CE:=O%OTC*ÖVC*8-:?×{\*:=OTCEO�:=8TC°>ÄIPO;\�×¶:=O;OTI¨á9ClL$IJÞ
dinit

I¶O­â9ORClLµX ä <DCÄORCl\�S=K~Læ:=LDÖt:=KbQ;:?BVC�I¶OÑQ;<9:�QÆ×PSbSV]§IJKDB
:�Q
dgood

IJQ;OTC*×JÞ[Ú�IP×J×�Q;C*×P×�â~O­Ú�<9IP\-<æÞ�CE:�Q;âD8;CEOÆ:?8;C�IP>ÅU/S=8TQ;:=KbQ
Þ�S=8%Q;<DC U9:=8RQ;IP\*âD×P:=8�\�×¶:=O;ORIJá~\*:?QTIPS=K�UD8TSV6D×PC*>ÁX

� a	�
dinit

� ¬
�
dgood
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��� ¦��§¦��§¦�� ¬��x_-o;dHpqst_�hEj{uemb`®_;cHs?pque_�²Å²=pqu|dRaEgbo;_%j¶mbgVo;dHpqhlgÄ«q_�a�cHgbpqgb©=´

ß|QÆIPOÆ:?×¶OTS$IP>ÅU/S=8TQ;:=KbQ­Q;S�âDK~L®C*8-OHQ-:?K9LNQT<9:?Q­Q;<DC*8;CÄ:?8;CyKDS
âDKDIPÖ=CE8;O;:?×�L®I¶OHQ-:?K9\*C�Þ�âDK9\�QTIPS=K9O°Þ�SV8°:�B=IPÖ=CEKæ\*:VORCÅ69:VORCVX
ä <DCÆâ9OTC�Þ�âD×PKDClOTOYS?Þ�:ÄL®IPORQ;:=K9\�C­Þ�âDK9\�QTIPS=K
IPO�LDC�QTCE8T>ÄIPKDCEL�IPK$Q;<DC \�S=KbQ;C�ñ§QYS=Þ3Q;<DC°Q;:=OT]¸IJQ�IPOYâ9OTCEL$Þ�S=8lX~M�S=K9OTCEíbâDCEKbQT×PØ=à§:
L®I¶OHQ-:?K9\*CÆÞ�âDK9\�QTIPS=K
QT<9:?Q­L®S§CEOÑ:4BVS§S§L4FHSV6
IPK½ORCEU9:?8-:�Q;IJK9BÄ\E:?K9\*C*8�U9:?QTIPC*KbQ;O�Þ�8TSV> <DCE:=×¨Q;<§Ø$U9:?QTIPC*KbQ;O�I¶O�âDK9×JIP]=CE×JØ$QTS"6/C
â9OTC�Þ�âD×3IJK½OTC*U9:=8;:?QTIPKDBÅLDIP:=6~C*QTCEO%U~:�QTIPC*KbQ-O%Þ�8TSV> <DCl:?×JQT<§Ø¸U9:?QTIPC*KbQ;OEX
ä <DI¶OÆ\-<9:?U®Q;C*8ÆORâ98TÖVC*Ø®OÑ<9S�Ú L®IPORQ;:=K9\�C4Þ�âDK9\�QTIPS=K�×JCl:?8;KDIPKDB$I¶O°U~CE8RÞ�SV8T>ÄCELNIJK¼QT<D8;C*CÄOTC*U9:=8;:?QTCy:=8TCl:=O­S?Þ�\E:=OTC�Ô|69:=OTCEL

8;CE:=OTS=K9IJKDB��E\*×P:VOTOTI¨á/\*:�Q;IJSVK�à*>":=IJKbQTCEK9:?K~\�C=à�:=K9L 8;C�QT8;IPC*Ö�:?×xXtÜ®CE\�Q;IJSVK$óVX ù78TCEÖbIPC*Ú7O	69:VORI¶\�UD8;S=U/C*8TQTIPCEO	S?Þ/L®IPORQ;:=K9\�C�Þ�âDK9\�QTIPS=K9O
:?K~L"IJKbQ;8TS®L®â9\*CEO�:�ORâ9U~CE8TÖ§I¶ORClL"L®IPORQ;:=K9\�C7Þ�âDK9\�Q;IJSVK¸×PCE:?8;KDIPKDB Þ�8-:?>ÄC*ÚYS=8;]{XVÜ§Cl\�QTIPS=K½óVX õyL®IPO;\�â~OTOTCEO�QT<DC���C*×PIJC*Þ3:?×PB=SV8TIJQT<D>
â9OTCEL¼IJKÕ\E:=OTC�Ô|69:=OTCELN\*×P:VOTOTIJá~\*:?QTIPS=Kòü õ=ý�þxX	Ü®CE\�Q;IJSVKÙóVX �½L®I¶O;\�â9O;ORClO­QT<DC"IPK9OTIPL®C*ÔxSVâ®Q;OTI¶L®CÄÚ�CEIJBV<VQ�:VLtFHâ9ORQT>ÄC*KbQ�:?×PB=SV8TIJQT<D>
â9OTCEL :VO$:ÝOTâDU/C*8;Ö§IPOTCELÛ>ÄC�Q;<DS®L�Þ�SV8�\*:VORC*Ôx6~:=OTC½>Ä:=IJKbQ;C*K9:=K9\�CÝüPó	�lþxX�Ü§CE\�QTIPS=K óVX öÝL®IPO;\�â~OTOTCEO�:Õ8TCE×JCEÖ�:?K9\*C½Þ�C*ClL®69:=\-]
:?×PB=SV8TIJQT<9> â9OTCELÛIPKÛ\E:=OTC�Ô|69:=OTCELÙ8;C�QT8;IPC*Ö�:?× ü õ��Eþ|X[ßeK Ü§Cl\�Q;IJSVKèó=X �¼ÚYCNOT<DS�Ú <9S�Ú à�S=KðQHÚYS�C*ñD:?>ÄUD×PCN\*:=OTC½69:VORClO*à�Q;S
Ö§IPOTâ9:=×JIPé*C�:"L®I¶ORQ;:?K~\�CÆÞ�âDK9\�QTIPS=K½6/C�Þ�SV8TC�:=K9LÁ:�Þ QTCE87×PCE:?8;KDIPKDB9X/Ü§CE\�QTIPS=K»ó=X��ÅORâ98TÖVC*Ø®O%8TCl\�CEKVQ7ÚYS=8;]¸IPK½L®IPORQ;:=K9\�C�Þ�âDK9\�Q;IJSVK
×PCE:?8;KDIPKDB9XDÜ§Cl\�Q;IJSVK�óVX ÷ BVIJÖVCEO%:Å6D8TIPC�ÞiOTâD>Ä>Ä:=8TØVX

ÇiÈ�� � Ó"!=Ì$#iËÑÒ&%('7ÐÑË­Ò/ÌDÓHÎ[Ë*)+%,#�Í~ËÑÓRË.-0/ Î�Ï1%,2
5Ã\*:=OTC

x
\*S=K9OTIPORQ;O�S?Þ�:�Ö=Cl\�Q;S=8YS?Þ�Þ�Cl:�QTâ98TClO�:=K9L$:4\�×¶:=O;O[×¶:?6/C*×43 Q-:?8;B=C*Q�Ö�:?×PâDC65�X®ø¼C°8;C�Þ�C*8�QTS

x
:=OYS=KDC°\*:VORC­IJK
:4OTU9:=\*C

S?Þ�U/SVO;ORIP6D×PCÆ\E:=OTCEO
X
àD:VO

x ∈ X
:?K~L

class(x)
:VOYQT<DC�\*×P:VOTOYQ;SÄÚ�<DIP\-<

x
6/C*×PS=KDBbO*X

798;:�8<7>=@?�ACB6DFEHGJILK,MNENGOBP?�Q�ENA

ßeK¸BVC*KDCE8;:=×�à�Q;<DCÑ\E:=OTC7KDC*ClLÄKDS?QY6~C­: Ö=Cl\�QTSV8EX=ø¼C°L®C�á9K9C­:�L®I¶ORQ;:?K~\�C�Þ�âDK~\�QTIPS=K$S�Ö=C*8�:yORC*Q[S?Þ3\E:=OTCEO
x ∈ X

Xb5 L®I¶OHQ-:?K9\*C
Þ�âDK9\�QTIPS=K

d : X × X → R
OR<DSVâD×¶L�O;:�Q;IPORÞ�Ø¸Q;<DCÆÞ�S=×P×JS�Ú�IPKDB4QHÚ�S"\*S=K9L®IJQTIPS=K~OYÞ�S=8

x, y, z ∈ X
�

ó=X%ß|Þ
d(x, y) = 0

à§Q;<DC*K
x
:?K~L

y
:=8TC­QT<9C�OT:=>ÅCÆSV87:=O�OTIJ>ÄIP×P:=87:=O%U/SVO;ORIP6D×PC=X

ù®X%ß|Þ
x
IPOÑ\�×PSVOTC*8YQTS

y
Q;<9:?K
IJQ7IPO%Q;S

z
à§QT<9C*K

d(x, y) < d(x, z)
X

5ÃÞ�C*ÚÃ>ÄS=8;CÆ8TClOHQ;8TI¶\�Q;IJSVK9O%:?8;C­8;CEíbâDIP8TClL¸Þ�SV8�UD8-:=\�Q;IP\E:?×µL®I¶OHQ-:?K9\*CÆÞ�âDK9\�QTIPS=K9OEX
=RIJS�EN?TBP?�Q�E(7989U(VXW$Y9ZC[]\<^_Y

d : X × X → R
\;`baLcdI�BPe	?�Gf^OYd[TgFhi`]jka�ZXh

X
\ VlVm^_nba_o�o

x, y, z ∈ X
[�gkh1Vm^_o�op^_q4\�Y�r

ZX^_Y&s_\�[]\<^_YF`�gk^_o�s �

0 ≤ d(x, y) < ∞
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d(x, y) = d(y, x)
3Ró=XPó65

d(x, y) = 0 ⇐⇒ x = y
3HóVX ùJ5

d(x, z) ≤ d(x, y) + d(x, z)
3HóVX õ�5

� gFh1jka_\�n
(X, d)

\;` ZXa_o�o�hXsRa cdI�BPe	?�G@A���DFG�I��
M�S=K~L®I¨Q;IJSVKÝó=XvùÄIP>ÄUD×JIPCEOÑQT<~:�QÑQHÚYS$\E:=OTCEO7Ú�IJQT<�L®I¶OHQ-:?K9\*C

0
:=8TC�ClíbâDIJÖ�:=×JCEKVQlX ï âDUD×PIP\E:�Q;CÅ\E:=OTCEO7S®\E\�âD8­IJKNU98;:=\�QTI¶\�Cy:=K9Lµà

C*IJQT<9C*8�6/CE\E:?â9OTC%S?Þ{8TSVâDK9L®IPKDB S=8iU98TCEUD8TS®\*CEO;ORIPKDB9àlQ;<DC*Ø4>Ä:tØy<9:tÖ=C�: L®I¶OHQ-:?K9\*C%S?Þ
0
C*Ö=CEK4IJÞ{QT<DC7\E:=OTCEOi:=8TC%KDS=QiQT<DCÑO;:?>ÄC=X

5ëORIP>ÄUD×PCÄ:=UDUD×PIP\E:�Q;IJSVKNS?Þ�QT<DC$M�S=K~L®I¨Q;IJSVKòóVX õ�IPO­Q;<DC"OT:tØ§IPKDB¸Q;<9:�QÆQT<9CÄOT<DSV8RQ;CEORQ°L®I¶OHQ-:?K9\*CÄ6~C*QHÚ�CEC*KNQHÚYS
U~SVIJKbQ;O°I¶OÆ:
ORQT8-:?IPB=<bQY×PIPKDC=X ä <9IPO�I¶O%6/CE\*:=â9OTC­Q;<DC Z�â9\*×JI¶L®Cl:?K½L®I¶OHQ-:?K9\*C°I¶O7:Å>ÄC�Q;8TI¶\°IJK

R
2
X

� Q�e	c A
5 >ÅC*QT8;IP\
L®CEU~CEK9LDOÄS=K9×JØÕSVKÕQT<DC½L®C*á9KDIJQTIPS=KÙS?Þ7Q;<DC½L®IPORQ;:=K9\�C�Þ�âDK9\�QTIPS=Kð:?K9LòKDS?QÅQT<DC½\*S=>ÄU~SbORIJQTIPS=KòS?Þ7Q;<DC½ORC*QEX�ßeK
UD8-:=\�QTI¶\�C=à®<9S�Ú�CEÖ=C*8làVQT<DC�OTC�Q

X
IPOYQ;<DC Ö=Cl\�Q;S=8�ORU~:=\�C

R
n
Ú�<DC*8;CÆCE:V\-<

x ∈ X
IPO�:ÅÖ=Cl\�Q;S=8�S?Þ�×JCEKDB?Q;<

n
�

x = (x1, . . . , xn)

Ú�<DCE8TC
xj ∈ R

Þ�S=8Ñ:=×J×
1 ≤ j ≤ n

XDZ[:=\-<ÁCE×JCE>ÅCEKbQEà
xj
à9IPK
QT<DCyÖ=CE\�QTSV8�IPO�8;C�Þ�CE8T8;CEL$QTS¸:VO�:ÅÞ�CE:?QTâD8;C=à9:=K9L�QT<DCyÖ=CE\�QTSV8

xI¶O�\E:?×P×JClLÄQT<DC­Þ�CE:?QTâD8;CÑÖVCE\�QTS=8lX	�°IJÖVC*K"Q;<DIPO�Ö=Cl\�Q;S=8%L®C�á9K9I¨Q;IJSVK¸S?Þ	:4\*:VORCVàVÚYC­O;:tØyQ;<9:�Q�:yLDIPORQ;:=K9\�CÑÞ�âDK9\�Q;IJSVK$I¶O[IP>ÄU~SbORClL
6§Ø$:ÅKDS=8;>AL®C*á9KDClL�S�ÖVC*8YQT<9C Ö=CE\�QTSV8%OTU9:V\�C=X
=RIJS�EN?TBP?�Q�E :�89U VXW$Y9ZC[�\<^OY ‖·‖ : R

n → R
+
0

\;` abENQ�e	c \ VHVm^On+a_o�o
x, y ∈ R

n aOY9s α ∈ R 
 [TgFh�Vm^Oo�o�^_q4\�Y
r@ZX^OY9s_\�[]\<^_Yk`gF^Oo�s �

‖x + y‖ ≤ ‖x‖ + ‖y‖
‖αx‖ = |α| ‖x‖
‖x‖ > 0

Vm^On
x 6= 0

ä <DC$á98;ORQ4\*S=K9L®IJQTIPS=KÕI¶O4]bK9S�Ú�KÝ:=O Q;<DC []n \<a_Y
rOoph \�Y&h��mWkaOo�\�[�
 X��°IPÖ=CEKÝ:NKDSV8T> ‖·‖ S�Ö=C*8 R
n
à3Q;<DC¸Þ�SV×J×PS�Ú�IPKDBNL®I¶OHQ-:?K9\*C

Þ�âDK9\�QTIPS=KÁI¶O7:Å>ÅC*QT8;IP\��

d(x, y) = ‖x − y‖
Ú�<DCE8TC

x, y ∈ R
n
X

ø�CÆLDC�á9KDC�:4ÞG:=>ÅIP×PØ$S?Þ�KDSV8T>"O%:?K9LÁL®I¶ORQ;:?K~\�C°Þ�âDK9\�QTIPS=K9OEX
=RIJS�EN?TBP?�Q�E��,89U>VXW$Y&Zm[]\<^_Y ‖·‖p : R

n → R
+
0

\;`+[�gkh
Lp
ENQke_c \ V Vm^On a_o�o

p ∈ R 
 p ≥ 1 
 a_Y9s x ∈ R
n
�

‖x‖p =





n
∑

j=1

|xj |p




1/p

WDSV8�CE:V\-<
Lp
KDS=8;>Áà§QT<DCE8TC I¶O�:Ä\�S=8;8;CEOTU~SVK9L®IPKDB

Lp
L®I¶OHQ-:?K9\*CÆÞ�âDK9\�Q;IJSVKÁ>ÅC*QT8;IP\=X

=RIJS�EN?TBP?�Q�E��H8 � gFh�VXW$Y9ZC[]\<^_Y
d : R

n × R
n → R

+ \;`b[�gkh Lp � ?<APBPDkEHGJI cdI�BPe	?�G \ V1Vm^_nRa_o�o p ∈ R 
 p ≥ 1 
 aOY9s
x, y ∈ R

n
�

d(x, y) = ‖x − y‖p

qHgFhCn"h ‖·‖p

\;` [�gkh
Lp
Y9^On����

ä <DI¶O�ÞG:?>ÄIP×JØÅS?ÞµL®I¶OHQ-:?K9\*C%Þ�âDK9\�QTIPS=K9O[IPO�:=×POTS ]§KDS�Ú�KÄ:=O�Q;<DC û IPKD]=S�Ú7OT]§IDL®I¶OHQ-:?K9\*C=X ä <DCE8TC7:=8TCYQ;<D8TCEC7\�SV>Å>ÄSVK p
Ö�:?×PâDClO*à

Ú�<DI¶\-<
\*S=8;8TClORU/S=K~L"QTSÄQ;<DCÆÞ�S=×P×PS�Ú�IJKDB4QT<98TCEC�L®IPORQ;:=K9\�C°Þ�âDK~\�QTIPS=K~OC�



� ��¬VcRa*ª§a*f���aE©Eªb_;c��x_-pvcRaEg¸a*g§²"k�ª=cHp¨u|dHhE`bª"·�´���p¨oR³

L1 û :=KD<9:�QTQ;:=K�SV8%\*I¨QHØbÔ|6D×PS§\-]�L®IPORQ;:=K9\�CJ�

d(x, y) =
n

∑

j=1

|xj − yj |

L2
Z�â9\*×JI¶L®Cl:?K½L®I¶OHQ-:?K9\*C��

d(x, y) =

√

(x1 − y1)
2

+ . . . + (xn − yn)
2

L∞ û :?ñ�L®I¶OHQ-:?K9\*C��
d(x, y) =

n
max
j=1

|xj − yj |
ßeK
QT<DC 8;C*>":=IJK9LDC*8%S?Þ�QT<DI¶O7\-<9:=U®QTCE8�Ú�C \*S=K9OTIPLDC*8�S=K9×JØ"Q;<DC

L1
L®I¶ORQ;:?K~\�C 6/CE\*:=â9OTC­Q;<DC KDS=Q;:�Q;IJSVK�I¶O7OTIJ>ÄUD×PCEORQÑ:?K~L$IJQ7IPO

ÞG:=ORQTCE8%QTS"\�SV>ÄUDâ®QTCÆQ;<9:?K
L2
X

798;:�8;:��.D$e_DFcdI�B6IJe_?���I � =@?�ACB6DFEHGJILK,MNENGOBP?�Q�ENAßeK"L®I¶OHQ-:?K9\*C%Þ�âDK9\�Q;IJSVK"×JCl:?8;KDIPKDB9àtQ;<DC7S=6DFHCE\�Q;IJÖVC�IPOiQTSÆá9K9LÄU~:?8-:?>ÄC�Q;C*8�Ö�:?×PâDCEO�Þ�SV8[:ÆU9:=8;:=>ÅC*QTCE8TIPé*ClL4L®I¶ORQ;:?K~\�C%Þ�âDK9\�QTIPS=K�X
ä <DC�>ÅSbOHQ�\�S=>Ä>ÄS=K4:?UDUD8;SV:V\-<ÑQ;SÑSV6®Q;:=IJKy:7U9:?8-:?>ÄC�Q;C*8;IJéECELÆL®I¶OHQ-:?K9\*C�Þ�âDK~\�QTIPS=KyIPO3Þ�CE:?QTâD8;C�ÚYC*IPB=<bQTIPKDB9XlWDCl:�QTâ98TC�ÚYC*IPB=<bQ-O
:?8;C°QT<DCyS=â®Q;UDâ®Q7S?Þ�QT<9CyL®I¶OHQ-:?K9\*CÆÞ�âDK9\�Q;IJSVK½×JCl:?8;KDIPKDB":?×PB=S=8;IJQT<D>"O%L®I¶OT\*â9OTOTCEL
<DCE8TCVXDø�C*IPB=<bQTClL
LDIPORQ;:=K9\�CÆÞ�âDK~\�QTIPS=K~O7:?8;C
:ÄORâ96/\*×P:VOTO%S=Þ	Q;<DC >ÄS=8;C­BVC*KDCE8;:=×/×PIPKDCE:=87L®IPORQ;:=K9\�C°Þ�âDK~\�QTIPS=K~O*X
WDCl:�Q;âD8TC�Ú�CEIJBV<bQ;OEà3S=K9C¸Þ�S=8ÅCE:V\-<ò:�QTQT8;IJ69â®QTCVà	CE>ÅU9<9:=OTIJéEC$SVKDC
OTâD69OTC�QÅS?Þ�Þ�Cl:�QTâ98TClOyS�ÖVC*8�Q;<DC
S?QT<9C*8-O*X�WDSV8�QT<9C

L1L®I¶OHQ-:?K9\*C=à§Q;<DC Ú�CEIJBV<bQTCEL�Ö=CE8;OTIPS=K$I¶OP�

dw(x, y) =

n
∑

j=1

wj |xj − yj |
3HóVX �
5

Ú�<DCE8TC
x, y, w ∈ R

n XDø¼C U9×P:V\�C :4Þ�C*ÚÃ8TClOHQ;8TI¶\�Q;IJSVK9OYS=K
QT<DC ÖVCE\�QTS=8 wj
Þ�S=8

1 ≤ j ≤ n
�

w = (w1, . . . , wn)

wj ≥ 0
n

∑

j=1

wj = 1

ä <DClORC�8TClOHQ;8TI¶\�Q;IJSVK9O
ORIP>ÄUD×JIJÞ�ØÛQT<9C�U98TSVB=8-:?>Ä>ÄIJKDB~X[ßeKÃ:=LDL®IJQTIPS=K3àYU/SVOTIJQTIPÖ=C�Ú�CEIJBV<VQ-O$>":=IJKbQ;:=IJK QT<DC»OTC*>":?KbQTI¶\*O�S?ÞÅ:
L®I¶OHQ-:?K9\*C°Þ�âDK9\�Q;IJSVK½ORIPK9\�C K9C*BV:?QTIPÖ=C°Ú�CEIJBV<bQ;O�:?K~L�L®I¶ORQ;:?K~\�CEO%<~:tÖ=C°KDS¸\�×PCE:=8Y>ÄCl:?KDIPKDB9X

� IPKDCl:?84LDIPORQ;:=K9\�C$Þ�âDK9\�Q;IJSVK9OÅB=CEKDC*8-:?×PIJéEC"QT<9C
L2

L®I¶OHQ-:?K9\*C$6§Ø»UD8;S?FHCE\�QTIPKDBNQ;<DC
S=8;IJBVIJK9:=×�L®I¶ORQ;:?K~\�C$ÖVCE\�QTS=84S=KbQTS¼:
×PIJKDCl:?8�69:VORI¶O

A
�

dA(x, y) = (x − y)
T

A (x − y)
Ú�<DCE8TC

x, y
:?8;C[\�SV×Jâ9>ÅK ÖVCE\�QTS=8-O�:=K9L

A
I¶O3:=K

n×n
UD8TS=FHCE\�QTIPS=K >":�Q;8TIJñµXE57×JQT<9S=âDBV<�>ÄSVORQ	L®C�á~KDI¨Q;IJSVK9O	S?ÞD×PIJKDCl:?83LDIPORQ;:=K9\�C

Þ�âDK9\�QTIPS=K¼Q;:=]=C4QT<DCÄOTíbâ9:=8TCÅ8;SbS=Q­S=Þ
dA(x, y)

àµÚ�CÅâ9OTâ9:?×P×JØ½IPB=K9S=8;C�QT<9CÅ8;S§S?Q°6~Cl\*:?â~ORCÅIPOÆC*ñ®U~CEK9ORIPÖ=C4QTSÁ\�SV>ÄUDâ®QTCÄ:?K~L
L®S§CEO7KDS?QÑ\-<9:=KDB=C°Q;<DC�8;C*×¶:�QTIPÖ=C L®I¶ORQ;:?K~\�CEOEXDø�<DCEK

A
IPO7U~SbORIJQTIPÖ=C�OTC*>ÄIJÔ|L®C*á9KDIJQTCVàDQT<9C�L®IPORQ;:=K9\�C

dA(x, y)
IPO­:ÄL®IPORQ;:=K9\�C

>ÄC�Q;8TI¶\?XDø�<9C*K
A
IPOYQ;<DC I¶L®C*KbQTIJQHØ$>":?QT8;I¨ñ 3

In×n
5�à®Q;<DC�L®I¶OHQ-:?K9\*C 8TClL®â9\�ClO�QTSÄQT<9C�OTíbâ9:=8TClL

L2
LDIPORQ;:=K9\�C :=O�OT<DS�Ú�K��

dI (x, y) = (x − y)T In×n (x − y)

= (x − y)
T

(x − y)

=

n
∑

j=1

(xj − yj)
2

= ‖x − y‖2

WDSV8�OT>":?×P×bQTS°>ÅClL®IPâD>¹OTIJéECELy\E:=OTC[69:VORClO*àlIJQ�I¶O�S?Þ Q;C*Ky>ÄSV8TC�C�ã¸\�IPC*KbQ�QTSÆ\�SV>ÅU9â®QTC%:?K9L4OHQ;S=8;C�Q;<DC�L®IPORQ;:=K9\�ClO36/C�QHÚYC*CEK
:?×P×µU9:=IJ8-O%S?Þ�\*:=OTCEOEX ä <DI¶OYÞ�S=8;>"O�:"L®IPORQ;:=K9\�CÆ>":�Q;8TIJñ¸Þ�SV8%QT<DC�\E:=OTC­69:VORC

X
:?K9LÁL®I¶ORQ;:?K~\�C°Þ�âDK9\�QTIPS=K

d
X
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=RIJS�EN?TBP?�Q�E���89U �ba_[]n \��
D ∈ R

m×m \;` a � ?<APBPDFENG�I cdD$BCe_?�� \ V a_Y9s@^_Y�o 
b\ V��

Di,j = d(xi, xj)

Vm^_n
1 ≤ i, j ≤ m

qHgkhmn"h
d
\;`+a@s_\;` [ a_Y9ZXh VXW$Y9ZC[�\<^OY 
 xi, xj ∈ X 
 a_Y&s m

\;` [�gkh+Y�W	�
	XhCn ^ V ZXa	`Ch ` \�Y
X
�

WDSV8$L®I¶OHQ-:?K9\*CÁÞ�âDK9\�QTIPS=K�×PCE:?8;KDIPKDB9à[Ú�C½S=Þ QTC*K LDCE\�SV>ÄU~SbORCÁQ;<DCæL®I¶OHQ-:?K9\*C½>":�QT8;IJñÙIPKVQ;S»QT<DC¼ORC*Q$S?ÞÆ>":�QT8;I¶\�CEO
Dj

Þ�SV8
1 ≤ j ≤ n

à�ORQTSV8TIPKDBæQT<DCÁL®I¶OHQ-:?K9\*C�Ú�IJQT<ð8TClORU/CE\�Q4Q;SæQ;<DC
j
QT<ÝÞ�Cl:�Q;âD8TCVXi5 ÚYC*IPB=<bQ;CELÝL®I¶ORQ;:?K~\�C
>Ä:?QT8;I¨ñÕÞ�SV8ÅQT<DC

L1L®I¶OHQ-:?K9\*C°\E:?K
6~CÆ8;C�Ôe\�8;CE:?QTCEL$:=OP�
D =

∑n
j=1 wjDj

Þ�S=8YÞ�CE:?QTâD8;C°Ú�CEIJBV<VQ-O
w
X9WDSV8�:y>ÄC�Q;8TI¶\°L®IPORQ;:=K9\�C°Þ�âDK~\�QTIPS=K3à

D
I¶O%:

OTØb>Ä>ÄC�Q;8TI¶\°>":�QT8;IJñ$Ú�I¨Q;<Áé*C*8;SVO%:=×JSVKDBÅQT<DC�L®I¶:?BVS=K9:=×�X

� ��DFc �
�<I
A
� �
a �.j9oph�� � 5ÛL®IPORQ;:=K9\�CYÞ�âDK~\�QTIPS=KÅÚ�IJQT<DSVâ®QiÚ�CEIJBV<VQ-O3I¶Oi:=O;OTâD>ÄCELÆQ;S°<~:tÖ=C[ÚYC*IPB=<bQ-O*àt6Dâ®Q�Q;<DC*Øy:=8TC�CEíbâ9:=×§:=K9L4KDS=K®Ô|é*CE8TS��

wj =
1

nÞ�S=8
1 ≤ j ≤ n

X
� �
a �.j9oph�� � 5ÑO�:Õ×JIPKDCl:?8¸L®I¶OHQ-:?K9\*C½Þ�âDK9\�QTIPS=K�àY:»Ú�CEIJBV<bQTCELÛL®I¶ORQ;:?K~\�C½Þ�âDK~\�QTIPS=K \*S=K9OTI¶OHQ-O"S?Þ�:ÕL®I¶:?BVS=K9:=×�UD8TS=FHCE\�QTIPS=K
>":�Q;8TIJñ

W =
L®I¶:?B

(w)
�

dW (x, y) = (x − y)
T

W (x − y)
3Ró=Xvö�5

=

n
∑

j=1

wj (x − y)
2

Ú�<DCE8TC
w
I¶O%:yÚYC*IPB=<bQYÖ=CE\�QTSV8Y:VO[ÚYC­<~:tÖ=CÑU98TCEÖbIPS=â~OR×PØ"L®CEO;\�8;IJ6/CEL�X§5Ñ×¨Q;<DS=â9B=<$>ÄSV8TCÆ\�SV>ÅU9×JC*ñ{à§ÚYC­\E:?K$SV6®Q;:=IJK
:y×PIPKDCE:=8

Þ�S=8;> Þ�SV8%QT<DC
L1
L®IPORQ;:=K9\�CJ�

dW (x, y) =
√

|x − y|T W
√

|x − y| 3Hó=X �J5

=

n
∑

j=1

wj |xj − yj |

Ú�<DCE8TC √· L®CEKDS?Q;CEOµQ;<DC�\*S=>ÄU/S=KDCEKVQTÔxÚ�I¶OTC�8TS§S=QEX*ßeKyUD8;:V\�Q;IP\*C=à*IJQ�IPO3â9ORâ~:?×P×JØÆ>ÄS=8;C�C�ã¸\*IJCEKVQ	QTS7â~ORC[QT<DC[Þ�S=8;>ÃIPK�ClíVâ~:�QTIPS=K~Oó=X �ÄS=8Æó=Xvö®X

� �
a �.j9oph�� � 5è\�SV>Å>ÄSVK�×PIJK9CE:?87LDIPORQ;:=K9\�C°Þ�âDK9\�QTIPS=KÁI¶O%QT<DC û :?<9:=×P:=KDS=6DI¶O%L®I¶OHQ-:?K9\*C=X

dΣ(x, y) = (x − y)
T

Σ−1 (x − y)

Ú�<DCE8TC
Σ
I¶O7Q;<DC

n × n
\�S�Ö�:=8TI¶:?K9\*CÆ>Ä:?QT8;I¨ñµX ä <DI¶O7I¶OÑS=Þ QTC*Kæ8TC*Þ�C*8;8TClL$Q;S¸Q;<DC û :=<9:?×¶:?K9S=6DI¶O7L®I¶OHQ-:?K9\*C�6/C�QHÚYC*C*K x

:?K~L
y
X~ß|QÆ:=O;ORâ9>ÅClO7Q;<9:�Q

x
:=K9L

y
:?8;C4L®I¶OHQ;8TIP6Dâ®Q;CELN:V\*\*S=8-L®IJK9BÄQTS¸Q;<DCÅ>yâD×JQTIPÖ�:?8;IP:?QTC�KDSV8T>":=×	L®I¶OHQ;8TIP6Dâ®Q;IJSVK

N(µ, Σ)
Ú�IJQT<

>ÄCE:=K
µ
X~Ü®IJK9\*C 6~S=QT<ÁÖ=Cl\�Q;S=8-OY:=8TC°IPK�Q;<DC�O;:?>ÄC L®IPORQT8;IP6Dâ®QTIPS=K3à®QT<DC C*ç/Cl\�Q7S=Þ3QT<9C >ÅCl:?K½\*:=K9\�CE×PO%:VO�OR<DS�Ú�K,�

dΣ(x, y) = ((x − µ) − (y − µ))
T

Σ−1 ((x − µ) − (y − µ))

= ((x − y − µ + µ))
T

Σ−1 ((x − y − µ + µ))

= (x − y)
T

Σ−1 (x − y)
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!bÓ�
°Ò&#�ÌDÓHÎ[Ë
ßeK \*:VORC*Ôx6~:=OTCELò\*×P:VOTOTIJá~\*:?QTIPS=K�à�Cl:=\-<Û\*:VORC½<9:VO¸:Õ\�×¶:=O;O"×¶:?6/C*×xX ä <DCNSV6®FHCE\�QTIPÖ=C½S=ÞÆ:Õ\*×P:VOTOTI¨á/\*:�Q;IJSVKð:=×JBVS=8;I¨Q;<D> I¶OÄQ;S
L®C*QTC*8;>ÄIJK9C�Q;<DCN\�×¶:=O;O4Þ�S=8¸:=KòIPK9\�SV>ÅIPKDBÕ\*:VORCVXißeKð\*×P:VOTOTIJá~\*:?QTIPS=K�ài:?KðI¶L®CE:=×%LDIPORQ;:=K9\�C
Þ�âDK9\�QTIPS=K�OT<DS=âD×¶LÙ>Ä:=]=CÁ\*:VORClO
\�×PSVOTC­QTSÅS?QT<9C*8�\*:VORClO�IPK�QT<DCÆOT:=>ÄC°\*×P:VOTOEà§Ú�<DIJ×PCÆ>":?]§IJK9ByQ;<DC*> ÞG:=8YÞ�8TSV> \*:=OTCEOY6/C*×PS=KDBVIJK9B�QTS":ÅL®IJç/CE8TCEKVQ7\*×P:VOTOEX û SVORQL®I¶OHQ-:?K9\*C�Þ�âDK9\�QTIPS=K"×PCE:=8TKDIPKDB�:=×JBVS=8;I¨Q;<D>"O�Þ�S=8[\*×P:VOTOTIJá~\*:?QTIPS=KÅá9K9LÄU9:=8;:=>ÄC�QTCE8;O�Þ�SV8�:ÆU9:=8;:=>ÄC�QTCE8TIPé*ClLÄL®IPORQ;:=K9\�C7Þ�âDK9\�Q;IJSVK
:?K~L¸Q;<DC*K½:?U9UD×JØ
:?K
C�ñ®I¶OHQ;IJKDB"L®I¶ORQ;:?K~\�C�Ô|69:VORClL$\�×¶:=O;OTI¨á9CE8EX
5�\*×P:VOTOTI¨á~C*8¸Q;<9:�Q�â9ORClO$L®I¶ORQ;:?K~\�CNÞ�â9K9\�Q;IJSVK9O¸I¶O¸Q;<DC

k
ÔxKDCl:?8;CEORQ¸KDC*IPB=<§6/S=8 3

k
Ô
��� 5$:?×PB=S=8;IJQT<D> üJólýtþ|X�ßeK�U9:?QRQ;C*8;K

\�×¶:=O;OTI¨á~\E:�Q;IJSVK�àiÚ�CN\*S=K9OTI¶L®C*8¸:Õ\E:=OTC
6~:=OTC
Y ⊆ X

S=KÛÚ�<DI¶\-<�×JCl:?8;KDIJK9B�I¶O"U/C*8TÞ�S=8;>ÄCELµX ä <9CNORâD6~ORC*Q
Y
IPOÄÞ�â98RQ;<DC*8

L®IPÖ§IPL®ClL"IPKVQ;Sy: Q;8;:=IJK9IJKDB4ORC*Q
Tr ⊂ Y

:?K~L¸:ÆQTClOHQ;IJK9B4OTC�Q
Te ⊂ Y

OTâ9\-<"Q;<9:�Q6�
Tr∪Te = Y

:?K~L
Tr∩Te = ∅ X �°IPÖ=CEK:�L®I¶ORQ;:?K~\�C�Þ�âDK~\�QTIPS=K

d
:=K9L¸:ÆQ;8;:=IJKDIPKDB�OTC�QYS?Þ�\*:VORClO

Tr
à?Q;<DCyó*Ô
��� :?×PB=SV8TIJQT<9>Ê:=O;OTIJBVK9O�QT<9C­\�×¶:=O;Oi×¶:?6/C*×~QTSy:�KDC*Ú \E:=OTC

IPK�Q;<DCÆQTClOHQ;IJK9BÄOTC�Q
y ∈ Te

:VOYÞ�S=×P×JS�Ú7O%6~:=OTCEL�S=K
I¨Q-O�KDCE:=8TClOHQ%KDCEIJBV<b6/S=8�IPK
QT<DCÆQ;8;:=IJK9IJKDBÄOTC�QP�
class(y) = class(x?)

x? = arg min
x∈Tr

dw(x, y)

ä <DC$\E:=OTC
x? ∈ Tr

IPO4\*:?×P×PCEL¼QT<DC$KDCE:=8TClOHQ�KDCEIJBV<§6~SV8ÆQTS
y
Ú�I¨Q;<Õ8TClORU/CE\�Q�QTSÁQ;<DC$L®I¶OHQ-:?K9\*C"Þ�âDK9\�QTIPS=K

d
X ï CEOTUDI¨Q;C¸IJQ;O

OTIJ>ÄUD×PIP\*I¨QHØVà®QT<9C
k
Ô
���ì:?×PB=S=8;IJQT<D> I¶O%â9OTâ9:?×P×PØ$:=\E\�âD8-:�Q;C°:=K9L�ÞG:=ORQYÞ�SV8�>ÅClL®IPâD>ÅÔ|OTIJéECEL�QT8-:?IPKDIPKDB"ORC*Q;OEX
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D$BPMHe_I ��� D �<MND$BP?�Q�E
ä Ú�S�Þ�CE:?QTâD8;CÄC*Ö�:?×Pâ9:�Q;IJSVK¼>ÄC*QT<DS®LDO :=8TC"\�SV>Ä>ÅSVKæIPK�QT<DCÄ×PI¨Q;C*8-:�QTâ98TCVX�WDCE:?QTâD8;CÄORCE×JCl\�QTIPS=K»:?×PB=SV8TIJQT<9>ÄO­á9K~LDO :ÁORâD6~ORC*Q
S?ÞYÞ�CE:?QTâD8;CEO°Q;<9:�Q4>ÅSV8TC"\*S=>ÄU9:=\�QT×PØN8;C*UD8;CEOTC*KbQÆQT<DC¸\E:=OTC"69:=OTC=X�W9CE:?QTâD8;C"C*Ö�:?×Pâ9:?QTIPS=K»:?×PB=S=8;IJQT<D>"OÆ:=O;ORIPB=K~O :½OT\*S=8;CyQ;S
CE:V\-<$Þ�Cl:�Q;âD8TCÆQ;<9:�Q7IPK9L®I¶\*:?QTClO%QT<DC�LDC*B=8;C*C°Q;SÅÚ�<9IP\-<ÁIJQÑIPO%â~ORC*Þ�âD×�Þ�SV87\�×¶:=O;ORIJá~\*:?QTIPS=K�X ä <9C <DIJBV<DC*8%Q;<DC�O;\�S=8;C=à§Q;<DC >ÄS=8;C
â9OTC�Þ�âD×�:ÅÞ�CE:?QTâD8;C�I¶O*X ä <§â9O*à9Þ�CE:?QTâD8;CyOTC*×PCE\�Q;IJSVKN:?×PB=SV8TIJQT<D>"O7:=8TC�:$ORU/CE\*IP:=×JIPéE:?QTIPS=KÁS?Þ�Þ�CE:?QTâD8;C�CEÖt:=×Jâ~:�QTIPS=KÁ>ÄC�Q;<DS®LDOEà~IPK
Ú�<DI¶\-<"QT<9C°O;\�SV8TC7I¶OYC*IJQT<DCE8YýyS=8°ó=XbßeK$<DIPB=<DÔ|L®IP>ÄC*K9OTIPS=K9:=×~\*:VORC­69:=OTCEOEàVOTâ9\-<$:VO[IP>":?BVCEO�S=8�OTIPB=K9:=×POEà=Þ�Cl:�Q;âD8TC­C*Ö�:?×Pâ9:?QTIPS=K
>ÄC�Q;<DS®LDO%:?8;CÑâ9OTCEL¸QTSÅ8TCE>ÅS�ÖVC�Þ�CE:?QTâD8;CEO�Q;<9:�Q%<9:tÖ=C°:y×PS�Ú O;\�S=8;C=X ä <DI¶O%ORSV>ÅC*QTIP>ÄCEO�IJ>ÄUD8;S�Ö=ClO[\�×¶:=O;OTI¨á~\E:�Q;IJSVK$:=\E\�âD8-:=\*Ø
:?K~L$8;CEL®â~\�CEO�\*S=>ÄUDâ®Q-:�Q;IJSVK$Q;IJ>ÄC=X
ø�C4â9OTCÅÞ�CE:?QTâD8;C4CEÖ�:?×Pâ9:�Q;IJSVK¼:?×PB=SV8TIJQT<9>ÄOÑQTSÁ\�SV>ÄUDâ®QTCÅÚYC*IPB=<bQ;O°IPK�:
L®I¶OHQ-:?K9\*CyÞ�âDK~\�QTIPS=K3Xµø¼CÄ>":?]VC�QT<9CÅÚYC*IPB=<bQ-O

UD8;S=U/S=8TQTIPS=K9:=×iQTSæQT<DCÁO;\�S=8;C=X � C*Q
s = (s1, . . . , sn)

6/C$Q;<DC�O;\�SV8TClO Þ�S=8ÅCE:V\-<ÕS?Þ�Q;<DC
n
Þ�Cl:�Q;âD8TClO*X�ø�C�\�SV>ÄUDâ®QTC�QT<9C

ÚYC*IPB=<bQ�Ö=CE\�QTSV8
w
:VOC�

wi =
sj

∑n
j=1 sj

Ú�<DCE8TC
sj ≥ 0

Þ�S=8
1 ≤ j ≤ n

X
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ä <DC �7C*×PIJC*Þi:=×JBVS=8;I¨Q;<D>AÚ%:=O7S=8;IJBVIJK9:=×J×PØ$L®ClORIPB=K9CEL½:=OÑ:ÄÞ�CE:?QTâD8;C C*Ö�:?×Pâ9:?QTIPS=K½:?×PB=SV8TIJQT<D>ÁàD69â®Q­IJQÑI¶OÑ\�SV>Ä>ÅSVKD×PØ$â9OTCEL
Q;S
\�SV>ÄUDâ®QTC"ÚYC*IPB=<bQ-O°Þ�S=8yL®I¶ORQ;:?K~\�CÄÞ�âDK9\�QTIPS=K9O¸ü ù ÷ þxX ä <DC"ÚYC*IPB=<bQ S?Þ�:
Þ�CE:�Q;âD8;C¸\�S=8;8;CEOTU~SVK9LDO­QTS½<DS�ÚÊÚ�CE×J×[I¨Q4OTC*U~:?8-:�QTClO
\*:VORClOÆÞ�8;S=> LDI¨ç{C*8;C*KbQ4\*×P:VOTOTCEOÆÚ�<DIP×PC¸KDS?QÅORCEU9:?8-:�Q;IJKDB½\E:=OTCEO°Þ�8;S=>�Q;<DC�O;:?>ÄC¸\*×P:VOTOEXµø¼CEIJBV<bQ;Oy:=8TC"â9U/LD:?QTClL�Þ�S=8�Cl:=\-<
\*:VORCÆIPK
QT<DC \*:VORCÆ69:VORCVX
57×PB=SV8TIJQT<9> ó�OT<DS�Ú7OYQT<DC4OHQ;C*U9O�IPKN:"OTIJKDBV×JC IJQTCE8;:?QTIPS=K
S?Þ�QT<9C ��C*×PIPC�Þ ÔeWò:?×PB=SV8TIJQT<9>
à9Ú�<DIP\-<ÁI¶O7:?KÁC*ñbQ;C*K9OTIPS=KÁS?Þ�QT<9C

S=8;IPB=IPK9:?×,�7C*×PIJC*Þ[:?×PB=S=8;IJQT<D> L®CEOTIJBVKDCEL
Q;S¸<9:=K9L®×PC�>yâD×JQTIPUD×PC4\*×P:VOTOTCEOyü õVýtþxX/WD8;S=> QT<DCyQT8-:?IPKDIPKDB$OTC�Q
Tr ⊂ Y

à/:"8-:?K~L®S=>
O;:?>ÄUD×PCi3

T ⊆ Tr
5[S=Þ	OTIJéEC

m
I¶O�ORCE×JCl\�Q;CELµX ä <DCÆÚYC*IPB=<bQ�S=Þ	CE:V\-<¸Þ�Cl:�QTâ98TCVà

w′

j

à®I¶OYâDU{LD:�Q;CEL$Þ�S=8%CE:V\-<�\*:VORC
xi
IPK

T
X ä <9C

âDU{LD:�Q;C°\*S=K9OTI¶L®C*8-O�Q;<DCÆKDCE:=8TClOHQYKDC*IPB=<§6/S=8YS?Þ
xi
Þ�8TSV> CE:=\-<�\�×¶:=O;O[â9OTIPKDByQ;<DC°×P:VOHQ%Ú�CEIJBV<bQ�Ö=Cl\�Q;S=8là

w
X ä <9C­KDCEIJBV<§6~SV8�IPK

QT<9CÆO;:?>ÄCÆ\�×¶:=O;O�:VO
xi
à
Hi
à§IPO�\E:?×P×JClL"Q;<DCÆ<DI¨Q7\E:=OTC=X9M�S=K§Ö=CE8;OTC*×PØ=à=QT<DCÆKDCl:?8;CEORQYK9C*IPB=<§6~SV8�IPK
CE:=\-<
\�×¶:=O;O

C 6= class(xi)
à

MC
i

à®I¶O�\*:?×P×PCEL$:4>ÄIPO;O%\*:VORCVX ä <9C­âDU{LD:?QTC L®CE\*8TCl:=OTCEO[QT<DC°Þ�Cl:�QTâ98TC°Ú�CEIJBV<bQ�Q;S46D8;IPKDB
xi
\�×PSVOTC*8�QTSÅQT<9C­Þ�Cl:�Q;âD8TC°Ö�:?×PâDC°S?Þ

QT<9Cy<DIJQ°:=K9LÁIJK~\�8;CE:=OTCEO�QT<DC4Ú�CEIJBV<VQ�Q;S$>ÄS�Ö=C
xi
:tÚ%:tØ"Þ�8;S=> QT<DCyÞ�CE:?QTâD8;C�Ö�:?×PâDC�S=ÞiQT<DC4>ÅI¶O;ORClO*X ä <DIPOÑÚ�CEIJBV<bQÑâDU{LD:�Q;C

UD8;S®\�CELDâD8TC°I¶O�8TCEU~Cl:�Q;CEL$Þ�S=8%QT<9C KDC*ÚÃÚ�CEIJBV<bQ%ÖVCE\�QTS=8
w′
âDKbQTIP×µQT<DC ÚYC*IPB=<bQ-O�\�S=K§ÖVC*8;B=C=X

��CE×JIPC�Þ[L®S§ClOÑKDS=Q°<~:tÖ=Cy:=KNC�ñ®UD×PIP\*I¨Q°S=6®FHCl\�Q;IJÖVC�Þ�âDK9\�QTIPS=K½Þ�SV8ÑQ;<DCÅÚ�CEIJBV<VQ-O*X~ø¼CEIJBV<bQ;O°:?8;CyâDU{LD:�Q;CEL½6~:=OTCEL½SVK½QT<DCEIJ8
UD8;CEL®I¶\�Q;IJSVK¼CE8T8;S=8là{Ú�<DI¶\-<¼>":?]VCEO­QT<9IPO�:=K¼IJQTCE8;:?QTIPÖ=CÄ<DIP×J×JÔe\�×PIJ>46DIJK9BÁ:=UDUD8;SV:V\-<�Xµ@�ØæâDU/L9:�QTIPKDB½ÚYC*IPB=<bQ;O­Þ�SV8 IJK9LDIJÖ§I¶L®â9:?×
\*:VORClO*à���C*×PIPC�Þ�â®Q;IJ×PIJéECEO�×JS®\E:?×9IPK®Þ�SV8T>":�Q;IJSVK�X û :?K§ØÄS?QT<9C*8�Þ�Cl:�Q;âD8TCÑC*Ö�:?×Pâ9:�Q;IJSVK">ÄC�QT<9S§L9O�\*S=K9OTIPLDC*8[SVKD×PØ4BV×JSV69:?×~IJK®Þ�SV8T>":?ÔQTIPS=K�ORâ9\-<¸:VOiQ;<DCÑIPK®Þ�S=8;>":�Q;IJSVK"BV:?IPKL3�CEKbQT8;S=U§ØyÚ�IJQT<¸8;CEOTU/CE\�Q�QTSy\*×P:VOTOX5i:=K9LÄQT<9C

χ2
OHQ-:�QTI¶ORQTI¶\ 3�Ö�:=8TI¶:?K9\*C7IPKÄQT<DCÑÞ�CE:�Q;âD8;C

Ö�:?×PâDCEOX5­üJó6�tþ|X � S®\*:=×µIJKDÞ�S=8;>Ä:?QTIPS=K
IPO%U~:?8TQTI¶\�âD×¶:?8;×JØ"â~ORC*Þ�âD×�IPKÁLDIPORQ;:=K9\�C°Þ�âDK9\�QTIPS=K½×PCE:=8TKDIPKDB~X
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� ����Q�e_?TB��Hc 7 �7C*×PIJC*Þ Ô|WYê O­ÚYC*IPB=<bQTÔxâDU{LD:?QTC�Ú�<DCE8TC

class(X)
I¶O7Q;<DC4OTC�QÆS?Þ[:=×J×�\�×¶:=O;OTCEO�IPKNQ;<DC4OTU9:=\*C

X
:=K9L

p(C)
I¶O

QT<9C4UD8;S=U/S=8TQTIPS=K½S=Þ[\*:VORClO7IPKNQT<9C�QT8-:?IPKDIPKDB�OTC�Q­QT<9:?Q°6/C*×PS=K9B"QTSÁ\�×¶:=O;O
C
X ä <DI¶OÑâ9U/LD:?QTCÅØ§IJCE×PLDO°:"KDCEÚ ÚYC*IPB=<bQÑÖ=Cl\�Q;S=8là

:?K~L$I¶O�8;C*U/CE:�Q;CEL�âDKbQTIP×µQT<9C Ú�CEIJBV<VQ-O�\�SVKbÖVC*8;B=CVX
ÀxgV`bm=d��Y�9cRaEpqgbpqgb© ue_Td

Tr
}?¯�_-pq©lª�d�st_-o;dHh*c

w
}=cRaEgb²VhEfèuHaEf `b«q_%uepq¿-_

m
´

� mVdH`VmVd��[rY`D²Va*dH_�²�¯�_-pq©Eª?d[st_;o;dHhEc
w′�l´�n=_-«q_-o;d

m
o�aEue_-u

x ∈ T
jJcHhlf

Tr
cRaEg§²=hlf «vw ¯�pvdHªÄmbgVpvj¶hEcHfè`=cHhl¬baE¬bpq«qpvdxw�´

�?´
w′ = w�=´%·bhEc

1 ≤ i ≤ ma6�¸·VhEc
C ∈ class(X)

MC
i �

k�«qhEue_-u|d%o�a*ue_%dHh
xi

pqgÄo-«¨aEueu
C
mbuepqgb©°hl«¨²4¯�_;p¨©Eª�dHu

w¬
�
Hi = M

class(xi)
io �¸·VhEc

1 ≤ j ≤ nr�`D²ba�dH_Y¯�_-pq©Eª?d[j¶h*c�j¶_�a�dHmVcH_
j

w
′
j = w

′
j −

1

m
(xi,j − Hi,j) +

1

m

X

C 6=class(xi)

p(C)(xi,j − M
C
i,j)

� �l´ �6�

� �
a �.j9oph	� � M�S=K9OTI¶L®C*8Æ:�OTC�Q
Tr

S?Þ ��\*:VORClOÑIPK�ù�\�×¶:=O;OTCEOÑ\*S=>ÄUD×PC�Q;C*×PØNORCEU9:?8-:?6D×PCy:=×JSVKDB¸Q;<DCyá~8;ORQ°L®IP>ÄC*K9OTIPS=K�à{Ú�<DI¶\-<
ÚYC°Ú�IP×P×3\*:=×J×{Q;<DC

x
Ôe:�ñ®I¶O*XDW9S=87\�SVK§Ö=C*K9IJCEK9\�CVàVQ;<DC�L®I¶OHQ-:?K9\*CÆ>Ä:?QT8;I¨ñ�IPO7LDCE\�SV>ÄU~SbORClL �

Dw = w1D1 + w2D2

Ú�<DCE8TC
Di
IPOYQ;<DC L®IPORQ;:=K9\�CÆ>":�Q;8TIJñ¸Ú�IJQT<Á8TClORU/CE\�Q%QTSÅÞ�CE:?QTâD8;C

i
:?K9L

w
I¶OYQT<9C°ÚYC*IPB=<bQ%Ö=Cl\�QTSV8EX � C�Q

D1
:?K9L

D2
6/CÆQT<9C

Þ�CE:?QTâD8;C�ÔeOTU~Cl\�IJá~\ÆL®IPORQ;:=K9\�CÆ>":�Q;8TI¶\�ClOYÞ�S=8%Q;<DC �"\*:=OTCEOP�
D1









0 0 1 1
0 0 1 1
1 1 0 0
1 1 0 0









D2








0 1 0 1
1 0 1 0
0 1 0 1
1 0 1 0









�7S=QTC Q;<9:�Q­IJK
D1
à9QT<DCÅL®I¶:?B=SVK9:?×�\*S=K9OTI¶OHQ-O�S?Þ

2 × 2
6D×PS§\-]®OÑS?Þié*CE8TSbO�:?K9LÁSVKDCEOEX ä <DI¶O7>ÄCE:=K9O%Q;<9:�QÆ:?×PS=KDBÅQT<9C

x
Ôe:�ñ®I¶O*à

QT<9C¸L®IPORQ;:=K9\�C4QTS½\E:=OTCEO°IJK�Q;<DC"OT:=>ÅC"\*×P:VOTO°I¶OÆé*C*8;SÁ:?K9LæQT<DC¸LDIPORQ;:=K9\�C4QTSN\E:=OTCEO°IJK¼QT<9CÅS=QT<DCE8�\�×¶:=O;O°IPOÄóVX�57×PS=KDB
QT<9C
x
Ôe:�ñ®I¶O*à{Q;<DC"\*:VORClO :?8;C4U/C*8TÞ�CE\�QT×PØæORCEU9:?8-:�Q;CELµXµ5Ñ×JSVKDB

y
Ôe:�ñ®I¶O*à/QT<9C*Ø¼:=8TCÅKDS=Q OTC*U~:?8-:�QTClLNÚYC*×P×�XµßeK�Q;<DIPO \E:=OTC=à{Q;<DCÄIPL®Cl:?×

ÚYC*IPB=<bQ�Ö=CE\�QTSV8YI¶O
(1, 0)

à®Ú�<DI¶\-<�ÚYS=â9×PL�>":?]=C°Q;<DCÆá9K9:=×�L®IPORQ;:=K9\�C >":?QT8;I¨ñ
Dw = D(1,0) = D1

X
ø�C U~CE8RÞ�SV8T>A:ÄOTIJK9B=×PC°ÚYC*IPB=<bQ�âDU{LD:�Q;C�:=O�OT<DS�Ú�K
IJK½57×PB=SV8TIJQT<9> ó=àDORQ;:=8RQ;IJK9BÅÚ�IJQT<ÁÚYC*IPB=<bQ;O

(0.5, 0.5)
X ä <DC IPK9\�8;C�Ô

>ÄC*KbQ;:=×J×PØ�âDU{LD:?QTCELÅÚYC*IPB=<bQ�Ö=CE\�QTSV8	Þ�SV8iCE:V\-<4\*:VORC%I¶OiOR<9S�Ú�K�Xtø¼C�â9OTCYQT<DC%Q;8;:=IJK9IJKDBÆOTC�Q
T = Tr

âDU{LD:?QTIPKDBÆÞ�S=8i:?×P×D\*:VORClO*X
ä <DC IPK9L®C*ñ§ClO%S?Þ	QT<DC KDCl:?8;CEORQ�<DI¨QÑ:=K9L
>ÄIPO;O�\*:VORClOY:=8TCJ�

H = (2, 1, 4, 3)
:=K9L

M = (3, 4, 1, 2)
Ú�<DC*8;C

Hi
L®CEKDS?Q;CEOYQT<9C

<DIJQ�Þ�S=8%Q;<DC
i
QT<½\*:VORCVX ä <DCÆÚ�CEIJBV<VQ�ÖVCE\�Q;S=8�\-<9:=KDB=ClOY:?Þ QTCE8Ñ\�SVK9ORI¶L®CE8TIPKDBÅCE:=\-<
\*:VORC :=OYÞ�SV×J×PS�Ú7OP�

MY:=OTC
1 : 0.714 0.286MY:=OTC
2 : 0.959 0.041MY:=OTC
3 : 0.999 0.001MY:=OTC
4 : 0.999 0.001

ä <DC"ÚYC*IPB=<bQÆS=6®Q-:?IPKDCEL»:�Þ Q;C*8�\E:=OTC �ÁI¶OÆQT<DC"K9C*Ú¹ÚYC*IPB=<bQ Ö=Cl\�Q;S=8lX�
�CE8RÞ�SV8T>ÄIPKDB½:
OTCE\*S=K9L¼IJQTC*8-:�Q;IJSVK¼OT<DS=â9×PL�8;CEOTâD×¨Q IPK
QT<9C°O;:?>ÄC°Ú�CEIJBV<VQYÖ=Cl\�QTSV8EôVQT<§â9OEàbQT<DC°ÚYC*IPB=<bQ;O�<9:tÖ=C°\�SVKbÖVC*8;B=ClLµX �ÑS?QTC­QT<~:�QYÞ�S=8�QT<DCÆ×¶:=ORQ[QHÚYSyâDU{LD:�Q;CEOEà§QT<DCÆ\�SV>ÄUDâ®QTClL
ÚYC*IPB=<bQ;O ÚYC*8;C"KDS=QyIJK

[0, 1]
X35�Þ Q;C*8ÅCE:=\-<»âDU{LD:?QTC=à	Ú�C$KDS=8;>":?×PIJéECÄQT<DC¸ÚYC*IPB=<bQ-OÆQTSN6/C¸IPK

[0, 1]
:?K9L»OTâD> QTSÕóVX ä <DC

×PCE:?8;KDClL$ÚYC*IPB=<bQ;O%\*S=K§Ö=CE8TBVC7QTSÄQ;<DC ÚYC*IPB=<bQ;OYÚYC C�ñ®U~Cl\�Q;CELµX

ÇiÈ
� � #4!�% � #�!�%�/ #iÓRË�Ì$%3Ë.#�Ë­Ò&%
ßeK \E:=OTC�Ô|69:=OTCELð8;CE:=OTS=K9IJKDB~àiQT<9C¼\*:VORCæ69:=OTCNS?Þ Q;C*K \*S=KbQ;:=IJK~O¸IP8T8;C*×PC*Ö�:?KbQ$SV8$KDCl:?8TÔ|LDâDUD×PIP\E:�QTCN\E:=OTCEOEà[Ú�<DI¶\-< L®CEB=8-:=L®ClO
U/C*8TÞ�S=8;>Ä:=K9\�CVXtMY:VORC�69:=OTC[>":?IPKbQTCEK9:?K9\*C�>ÄC�Q;<DS®LDO�S=8;BV:?K9IJéEC�QT<DC%\*:VORC�6~:=OTC[6§ØÆ8TCE>ÅS�Ö§IPKDBÑOTâ9\-<y\E:=OTCEOEX ä <DI¶O3I¶O	QHØ§UDIP\E:?×P×JØ



� ��¬VcRa*ª§a*f���aE©Eªb_;c��x_-pvcRaEg¸a*g§²"k�ª=cHp¨u|dHhE`bª"·�´���p¨oR³
:=\E\�SV>ÅU9×JI¶OR<9CEL¸â~ORIPKDB"\�×Pâ9ORQTC*8;IPKDB9à§Ú�<DCE8TC­QT<DC \E:=OTC°6~:=OTC­I¶O%U9:?8TQTIJQTIPS=K9CEL¸IPKbQTS":ÅORC*Q%S=Þ�\*×Jâ9ORQTCE8;OEX �7C*ñbQlà9:4UD8TS=QTS=QHØbU/C°S?Þ
CE:V\-<�\*×Jâ~OHQ;C*8ÆIPOyORCE×JCl\�QTClL¼:=K9L¼6~Cl\�S=>ÄClO°QT<DC"8;C*UD8;CEOTC*KbQ-:�QTIPÖ=C4S?Þ�QT<DC¸\*×Jâ9ORQTCE8EX	MY:VORClO­QT<9:?Q�<9:tÖ=CÅ<DIPB=<»L®IPORQ;:=K9\�CÅÞ�8;S=>
QT<9C°U98TS=QTS?QHØ§U/C°\E:?K�6~CÆ8;C*>ÄS�Ö=ClL"S=8�:�Q�×PCE:VOHQ�:=O;ORIPB=K9CEL$:4×PS�Ú Ú�CEIJBV<bQEX ï I¶ORQ;:?K~\�C°Þ�âDK9\�QTIPS=K
×JCl:?8;KDIJK9ByI¶O%S?Þ QTCEK�â~ORClL¸Þ�SV8
\*:VORCÆ69:VORCÆ>":?IPKbQTCEK9:?K9\*C=X ä <DI¶O�\�8;CE:?QTClOY:"\*â9ORQTS=>ÄIPé*ClL�\E:=OTC°6~:=OTCÑÞ�SV8�QT<DC L®I¶ORQ;:?K~\�CÆÞ�âDK9\�QTIPS=K�X
ß|ÞYQT<DC$\E:=OTCÄ69:=OTCÄ<9:=O�\*×P:VOTOÆ×¶:?6/C*×¶OEà�Ú�C¸OTC*CE]¼:ÁL®I¶OHQ-:?K9\*CÄÞ�âDK9\�QTIPS=KÝOTâ9\-<�QT<9:?Q QT<DC¸8;CEOTâD×JQTIPKDB½\�×Pâ9ORQTC*8-O�:=8TCÄ>ÄS=8;C

UDâD8;C=X 
[âD8TIJQHØNI¶O L®C�á~KDCEL�:=O°Q;<DC":tÖ=C*8-:?BVC Þ�8-:=\�Q;IJSVK¼S=ÞY\E:=OTCEO°IJK»:Á\�×Pâ9ORQTC*8°Q;<9:�Q�6/C*×PS=KDB�QTS½:
>":�FHSV8TIJQHØ½\�×¶:=O;O*Xµø�<DCEK
QT<9C�UDâD8;I¨QHØÁ:?U9UD8TSb:=\-<DClO°ó=X ýDà9:=×J×3\E:=OTCEO�IPKN:?×P×3\*×Jâ9ORQTCE8;OÑ6~CE×JSVKDBÄQTS¸:$ORIPKDB=×PC�\�×¶:=O;OEX ä <DCy:=×JBVS=8;I¨Q;<D> ÚYCyL®I¶OT\*â9OTO7IJKÁQ;<DIPO
OTCE\�Q;IJSVK�à?IPK9OTIPL®C*ÔxSVâ®Q;OTI¶L®C�Ú�CEIJBV<bQ�âDU/L9:�QTIPKDB~à=8;C*×PIJClOiS=KÄQHÚYS IPLDCE:=OEà=:VO�L®C*U9IP\�QTCELÄIPK¸W�IJBVâD8;C ó=Xvù®X=W�IP8;ORQEà?IJQ�â~ORClO�\�×Pâ9ORQTC*8;IPKDB
QTSyC*Ö�:?×Pâ9:�Q;C�QT<9CÑÚYC*IPB=<bQTClL"L®IPORQ;:=K9\�C7Þ�âDK9\�Q;IJSVK�OT<DS�Ú�KÄIJK$Z[íbâ9:�Q;IJSVKNó=Xvö®XVÜ®CE\�SVK9LµàbI¨QYâ9OTCEOiQ;<DCÑ×PS®\*:=×9IPK®Þ�S=8;>":�QTIPS=KÅÞ�8;S=>
\�×Pâ9ORQTCE8;O°Q;SNâDU{LD:�Q;CÄQT<DC¸ÚYC*IPB=<bQ-O*Xµø�C"8TC*Þ�C*8 Q;SÁQT<DI¶O�:VO�: ZX^�� h��	^Oo��P\�Y
r :?UDU98TSb:=\-<æ6/CE\E:?â9OTCÄQT<9C¸\�×Pâ9OHQ;C*8;IJK9BN:?K9L¼QT<9C
L®I¶OHQ-:?K9\*C°Þ�âDK9\�Q;IJSVK½:?8;C°×PCE:=8TK9CEL$QTS=BVC�Q;<DC*8lX

Clustering X Distance Function d

“Goodness” of d

Feedback

Clustering

Evaluation

� �p� ¦��§¦��D¦ k�hE�G_-sthE«qs=pqgV©Æo-«qmbu|dH_;cHu[a*g§²Ä²=p¨u|dRa*gbo-_%jPmbgVo;dHpqhlgbu-´

5�Þ Q;C*8�QT<DCÆ\*:VORClO[<~:tÖ=C76/C*CEK�\�×Pâ9ORQTCE8TClLµà=Q;<DC°UDâD8;I¨QHØÄS?ÞµQ;<DC°S=6®Q-:?IPKDCEL¸\*×Jâ~OHQ;C*8-O[I¶O%\�S=>ÄUDâDQTCEL$:?K9L"I¶OYâ9OTCELÄQ;SÅ:VOTOTCEO;O
QT<9C­íbâ9:?×PIJQHØ4S=ÞµQT<DC°\�âD8;8TCEKbQ�L®I¶OHQ-:?K9\*C�Þ�âDK9\�QTIPS=K�X§57K§Ø"\�×Pâ9ORQTC*8;IPKDBy:?×PB=SV8TIJQT<9>Ê\*:=K"6~C­â9OTCELÄÞ�SV8�QT<9IPO�UDâD8;U~SbORCVô=<DS�ÚYC*ÖVC*8là
OTâDU~CE8TÖ§I¶ORClL�\*×Jâ~OHQ;C*8;IJKDB":=×JBVS=8;I¨Q;<D>"O­üPó ÷ þµQT<9:?Q7>Ä:?ñ®IJ>ÄIPé*C \�×Pâ9ORQTC*8�U9âD8TIJQHØ¸Ú�<DIP×PC ]=C*CEUDIPKDBÅQT<DCÆK§âD>y6/C*8ÑS?Þ�\*×Jâ~OHQ;C*8-O%×JS�Ú
:?8;CÑU~:?8TQTI¶\�âD×¶:?8;×JØÄâ9OTC�Þ�â9×{Þ�S=8�ORâ9U~CE8TÖ§I¶ORClL¸L®I¶OHQ-:?K9\*CÑÞ�âDK~\�QTIPS=K
C*Ö�:=×Jâ9:?QTIPS=K�X û SV8TC°L®C�Q-:?IP×POYSVK$<DS�Ú \*×Jâ~OHQ;C*8;IJKDBÅI¶O�C*ñD:=\�Q;×JØâ9OTCEL�Þ�S=87LDIPORQ;:=K9\�C°Þ�âDK9\�QTIPS=KÁC*Ö�:=×Jâ9:?QTIPS=KÁ:?8;C­BVIJÖVC*K
IJK»üPó	�Eþ|X
ßeK9OTIPLDC�Ô|S=â®Q-ORI¶L®C�ÚYC*IPB=<bQ	â9U/LD:?QTIPKDB°â9ORClO�Q;<DC%:tÖ=C*8-:?BVCiL®IPORQ;:=K9\�CY6/C�QHÚYC*C*K�QT<DCY>":�FHS=8;IJQHØ°\*×P:VOTO	>ÄC*>y6/C*8-O	��S?Þ9:°\�×Pâ9ORQTCE8

:?K~L$Q;<DC�:tÖ=CE8;:=B=C°L®IPORQ;:=K9\�CÆ6/C�QHÚYC*CEKÁ:=×J×3>ÅCE>y6/C*8-O%6~CE×JSVKDB=IPKDBÅQTS¸:Ä\*×Jâ9ORQTCE8�Þ�S=8%Q;<DC�UDâ98TU/SVOTCÆS?Þ�Ú�CEIJBV<VQ7:VLtFHâ9ORQT>ÄC*KbQEX
û SV8TC°Þ�S=8;>":?×P×JØVà§×JC*QP�
dj(x, y)

6/CÆQT<DC�LDIPORQ;:=K9\�CÆ6/C�QHÚYC*C*K
x
:=K9L

y
Ú�I¨Q;<Á8TClORU/CE\�QYQ;SÄQT<DC

j
QT<½:?QRQT8;IP6Dâ®QTCVX

wj
6/CÆQT<DC�\*âD8;8TCEKVQ�ÚYC*IPB=<bQ%S?Þ�QT<DC

j
QT<½:?QRQT8;IP6Dâ®QTCVX

σj
6~CÆQ;<DC�:tÖ=CE8;:=B=C­KDS=8;>":?×PIJéECEL$LDIPORQ;:=K9\�ClOYÞ�S=8%QT<9C�\*:=OTCEO�Q;<9:�Q76/C*×PS=KDBÅQ;SÄQT<DC�\*×Jâ9ORQTCE8�Ú�I¨Q;<Á8TClORU/CE\�QYQ;S

dj
X

µj
6/CÅQT<DC":tÖVC*8-:?B=CyKDS=8;>":?×PIJéECELNL®I¶ORQ;:?K~\�CEO­Þ�SV8ÆQT<DC"\*:VORClOÑS=Þ[Q;<DC"\�×Pâ9OHQ;C*8°QT<~:�Q 6~CE×JSVKDB
QTS�QT<DC">":?FHS=8;I¨QHØ½\�×¶:=O;O°Ú�I¨Q;<
8;CEOTU~Cl\�Q%QTS

dj
X

ä <DC ÚYC*IPB=<bQ;OEà
wj
àD:?8;C :=LtFHâ9ORQTClL
Ú�I¨Q;<
8;CEOTU/CE\�Q%Q;S¸:4U~:?8TQTI¶\�âD×¶:?8�\�×Pâ9ORQTCE8P�

w′

j = wj + αwj(σj − µj)
3HóVX ÷ 5

Ú�IJQT<
0 < α ≤ 1

6/C*IPKDBÄQT<DC ×PCE:=8TK9IJKDBÅ8-:�QTCVX
5�Þ Q;C*8Ä:æ\*×Jâ9ORQTCE8TIPKDB�
¸<9:VOy6/C*CEKòS=6DQ;:?IPKDClLÕÚ�I¨Q;<Ý8;CEOTU~Cl\�QyQ;S�:¼L®I¶OHQ-:?K9\*C¸Þ�âDK9\�QTIPS=KÕQ;<DC
Ú�CEIJBV<VQ-O�S=Þ7QT<DC
L®I¶OHQ-:?K9\*C

Þ�âDK9\�QTIPS=K½:?8;C :=LtFHâ~OHQ;CEL
â9OTIJKDB"W9S=8;>yâD×¶:$óVX ÷ IJQTCE8;:?QTIPKDBÄS�Ö=C*8YQ;<DC S=6®Q-:?IPKDCEL
\�×Pâ9ORQTCE8;O�:=K9L¸Q;<DC B=IPÖ=CEK
OTC�Q7S=Þ�:?QRQT8;IP6Dâ®QTClO*X
ß|QYOT<DSVâD×PL$:?×¶ORS 6/C­K9S?QTClLÅQT<9:?Q�KDS4Ú�CEIJBV<bQ�:=LtFHâ~OHQ;>ÅCEKbQ�I¶O[U/C*8TÞ�S=8;>ÄCELÅÞ�S=8Y\�×Pâ9ORQTC*8-OiQ;<9:�Q%:?8;C7UDâD8;CÑSV8iÞ�S=8%\�×Pâ9ORQTCE8;O�QT<9:?Q
S=K9×JØ$\*S=KbQ;:=IJKÁ:ÄORIPKDBV×JC \*:VORCVX
ä <DC7ÚYC*IPB=<bQ[:VLtFHâ9ORQT>ÄC*KbQ[Þ�SV8T>4âD×¶:Äó=X ÷ B=IPÖ=ClOiCE:V\-<Ä\*×Jâ~OHQ;C*8�Q;<DCÑO;:?>ÄCÑL®CEB=8;C*C�S=Þ{IP>ÄU~SV8RQ-:?K9\*C7Ú�<DCEK">ÅS®L®IJÞ�Ø§IJK9B�QT<9C

ÚYC*IPB=<bQ;OEX?Ü§âDUDU/SVOTC�Ú�C%<9:VL�QHÚYSÆ\�×Pâ9OHQ;C*8-O*à�SVKDC%Ú�I¨Q;<ÁóEý­>Ä:?FHS=8;I¨QHØ�\E:=OTCEO�:?K~LÅö­>ÄIJK9S=8;I¨QHØy\E:=OTCEOEà�:?K9LyQT<DC�S=QT<DCE8�Ú�I¨Q;<"ù=ý
>":�FHSV8TIJQHØ":?K9LæóEý4>ÅIPKDSV8TIJQHØ"\*:=OTCEOEX§ø�I¨Q;<�6/S?Q;<
\*×Jâ~OHQ;C*8-O[<9:tÖ§IPKDBÅIPL®CEKbQTI¶\*:?×µ:tÖVC*8-:?B=C7LDIPORQ;:=K9\�ClOY:=K9L$:tÖVC*8-:?BVC7>":�FHS=8;IJQHØ
\�×¶:=O;O°L®IPORQ;:=K9\�ClO°Ú�I¨Q;<¼8;CEOTU~Cl\�Q­QTS½:"Þ�Cl:�QTâ98TCVà~Q;<DCÄÚ�CEIJBV<bQ­ÚYS=âD×¶LN<9:tÖVCyI¶L®C*KbQ;IP\E:?×�IJK~\�8;CE:=OTCEOi3GLDCE\�8;CE:VORClO 5�Þ�S=8­QT<DCÅQHÚYS
1 À�j	dHªb_;cH_­pqu�f hEcH_°dHªbaEg$hlgb_°f hlu|d%jJcH_�±�mb_-g�d�o-«¨a*ueu7jPhEcÑayo-«qmbu|dH_;c�}~hlgV_°hEj�dHªbhlue_°o-«¨aEueue_-u7pqu%cRaEgb²Vhlf «vw¸ue_-«q_-oTdH_�²$dHh4¬®_
�GdHªb_��
f�a �|hEcHpvd�wÅo-«¨a*ueu�h*j{dHªb_%o;«¨mVu|dH_;c�´

2 k�«qmbu|dH_;cHu�a*cH_7a*ueuembf _�²�dHhÆ¬®_�²=p¨u;�xhlpqg�d�´



�N^%pqu|dRaEgVo-_7·bmVgbo;dHpqhlg��~_-a*cHgbpqgV©Æj¶hEcYn?mb`®_;cHs?pque_�²Än?pqf p¨«¨a�cHpqd�w4��ueue_-ueuef _-g�d �

\�×Pâ9ORQTCE8;OEX ä <DI¶OYORSV>ÅCE<DS�ÚÛÖ§IJSV×P:?QTCEO�\�SV>Å>ÄSVK¸ORCEK9ORCVô=>ÄS=8;CÑC*ç/SV8RQ-O[OT<DS=â9×PL"6/C­:=×J×PS®\*:?QTCELÅQ;Sy8;C*>ÄS�Ö=C ólý >ÄIJK9S=8;I¨QHØÄ\*:VORClO
Þ�8;S=> :�\�×Pâ9ORQTCE8�S=Þ3ORIPé*C°õ=ýDà=QT<9:=K"QTS48TCE>ÄS�ÖbIPKDB4ö >ÅCE>y6/C*8-O[S=Þ3:y\*×Jâ9ORQTCE8�Q;<9:�Q%S=KD×PØÄ\�S=KbQ-:?IPK9O7ótö�\*:VORClO*X ä <DC*8;C�Þ�SV8TCVà?ÚYC
:=L9L
:ÅÞG:V\�Q;S=8

λ
QTSÄQT<9C Ú�CEIJBV<VQÑ:VLtFHâ9ORQT>ÄC*KbQÑ<9C*âD8;IPORQTI¶\°QT<~:�QÑ>":?]VCEO%ÚYC*IPB=<bQ7:=LtFHâ~OHQ;>ÅCEKbQ­ORSV>ÄC*Ú�<9:?Q7UD8TSVU~SV8RQ;IJSVK9:?×/Q;S

QT<9C Kbâ9>y6/C*8�S?Þ�>ÄIJK9S=8;I¨QHØ$\E:=OTCEOYIPKÁ:Ä\*×Jâ9ORQTCE8EX��­â98�Ú�CEIJBV<VQ7:VLtFHâ9ORQT>ÄC*KbQ�Þ�S=8;>yâ9×P:yQT<DCE8TC*Þ�S=8;CÆ6~Cl\�S=>ÄClOC�
w′

j = wj + αλwj (σj − µj)
3HóVX ��5

Ú�IJQT<
λ
6/C*IPKDBNL®C*á9KDClLÕ:=OÆQ;<DC¸K§âD>y6/C*8yS?Þ�>ÄIJKDSV8TIJQHØæ\E:=OTCEO IPK�QT<DC$\*×Jâ~OHQ;C*8�S�ÖVC*8ÆQT<9C$:tÖ=CE8;:=B=CyK§âD>46~CE8�S?Þ�>ÄIPKDS=8;I¨QHØ

\*:VORClO4Þ�S=8":?×P×�\�×Pâ9OHQ;C*8-O*Xi@YCE\E:?â9OTC�QT<DC½:?U9UD8TSb:=\-<ÕQ;C*K9L9OÅQTS»>ÄS�Ö=C$>":?FHS=8;I¨QHØÕ\*:VORClO4QTS�QT<DC½\*C*KbQTCE8ÅS=Þ°:�\�×Pâ9ORQTC*8":=K9L
KDSVK®Ôx>":?FHS=8;I¨QHØ¸\E:=OTCEO%:tÚY:tØÅÞ�8;S=>AQT<DC�\*C*KbQTCE8Eà®IJQ7IPO�\E:?×P×JClL$IPK9OTIPLDC�Ô|S=â®Q-ORI¶L®CÆÚ�CEIJBV<bQ%â9U/LD:?QTIPKDB9X
ä <DI¶O%âDU{LD:�Q;C�8Tâ9×JCÆI¶O7ORIP>ÄIJ×¶:?8%Q;SÄQT<9:?Q7S?Þ�QT<DC+�7C*×PIJC*Þi:=×JBVS=8;I¨Q;<D> :=OÑL®IPO;\�â~OTOTCEL�IJKNÜ§Cl\�Q;IJSVK�óVX õ9X � IP]=C°QT<9IPOÑ>ÅC*QT<DS®Lµà

��CE×JIPC�Þ%âDU{LD:�Q;CEOÆQ;<DC"Ú�CEIJBV<bQ°Q;S½6D8;IJKDB½O;:?>ÄC�Ôe\�×¶:=O;O°\*:=OTCEO \*×JSbORCE8°QTS=BVC�Q;<DC*8�:=K9L»L®I¨ç{C*8;C*KbQTÔ|\*×P:VOTOÆ\*:VORClO­Þ�âD8RQ;<DC*84:?U9:=8RQlX
� K9×JIP]=CÑQT<DI¶OY>ÅC*QT<DS®Lµà
��CE×JIPC�Þ3â~ORClO�OTIJ>ÄUD×PCÑK9CE:?8;CEORQRÔ|KDCEIJBV<b6/S=8�íVâ9C*8;IJClO�IPK9OHQ;CE:VL"S?Þ�Ú�<DSV×JC*Ô|\*×Jâ~OHQ;C*8[IPK®Þ�SV8T>":�Q;IJSVK�Xbß|QYL®S§CEO
KDS=Q Q;:?]VC":=L®Ö�:?KbQ-:?B=CÅS?Þ%IPK®Þ�S=8;>":�QTIPS=K¼Þ�8;S=>�6/S?Q;<¼Q;<DC$\*×P:VOTO°×¶:?6/C*×¶O S=8ÆQ;<DC"8TClORâ9×¨Q S?ÞYQT<9C¸\�×Pâ9OHQ;C*8;IJK9B9X�WDSV8�C�ñD:=>ÅU9×JCVà
Z[íbâ9:?QTIPS=K½ó=X��°UDâDQ;O�>ÄSV8TC7CE>ÄUD<9:=OTI¶O�S=KÄQ;<DCÑ\E:=OTCEOiIPK"QT<9C­O;:?>ÄC7\�×¶:=O;O[\*S=>ÄU9:?8;CEL4Q;SyL®IJç/CE8TCEKVQY\�×¶:=O;ORClO*X?ßeK¸QT<DC°\�S=KbQ;C�ñ§Q
S?Þi\�×Pâ9ORQTCE8;OEàbQT<DI¶O�C�ñ®UD8;CEO;OTIJSVK$I¶O7ORIP>ÄIJ×¶:?8%Q;SÅQT<DC

µ
QTCE8T> Þ�8;S=>AZ[íbâ9:�Q;IJSVK�óVX �9X

� �
a �.j9oph�� � 5ÑO;ORâ9>ÅC%ÚYC�<~:tÖ=C%:­\*×Jâ9ORQTCE8�QT<9:?Qi\*S=KbQ;:=IJK~OH�Æ\*:VORClO3K§âD>46~CE8TClL¸óYQT<98TSVâDB=< �°Ú�IJQT<Ä\*:VORClO[óVà�ùDà?õÑ6/C*×PS=K9B=IPKDB
QTSÄQ;<DC >":�FHSV8TIJQHØ¸\�×¶:=O;O*XDW9âD8TQT<DCE8T>ÄS=8;C=à®ÚYC�:=O;OTâD>ÄC­Q;<DC*8;C :?8;C õ":�QRQ;8TIP6Dâ®Q;CEO%Ú�IJQT<NõÄ:=O;OTS§\*IP:?QTClL$ÚYC*IPB=<bQ;O

(w1, w2, w3)Ú�<DI¶\-<�:=8TCÑ:VOTOTâD>ÄCEL"QTSÅ6~C°CEíbâ9:=×~IPKDIJQTI¶:?×P×JØL3
w1 = w2 = w3 = 1

3

5[:=K9L"Q;<DC°LDCE\�SV>ÄU~SbORClL¸L®I¶OHQ-:?K9\*CÑ>":�Q;8TI¶\�ClO
D1
à
D2
à

:?K~L
D3

Ú�IJQT<Á8TClORU/CE\�Q%QTSÄQT<9C�õÅ:?QRQ;8TIP6Dâ®Q;CEO�:?8;CÆB=IPÖ=CEK�6/C*×PS�Ú �

D1
















0 1 2 3 4 3
0 1 2 3 1

0 1 2 2
0 1 3

0 1
0

















D2
















0 1 1 1 5 1
0 1 1 5 1

0 1 5 5
0 5 1

0 5
0
















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















0 3 3 2 2 3
0 3 2 2 3

0 2 2 2
0 1 3

0 1
0

















D
















0 1.67 2 2 3.67 2.33
0 1.67 1.67 3.33 1.67

0 1.33 3 3
0 2.33 2.33

0 2.33
0














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ä <DC�\E:=OTC°L®I¶ORQ;:?K~\�C >":�Q;8TIJñ
D
IPO�K9C�ñ§Q7\�S=>ÄUDâDQTCEL
â9OTIPKDBk�

D = w1D1 + w2D2 + w3D3W�IJ8-ORQEà§QT<9CÆ:tÖVC*8-:?BVCÑ\�×Pâ9ORQTC*87:=K9L
:tÖ=C*8-:?BVC7IPKVQ;C*8TÔx>":?FHS=8;I¨QHØ"\*:VORCÆL®I¶OHQ-:?K9\*CEO�Þ�S=8�Cl:=\-<
:�QRQ;8TIP6Dâ®Q;CÆ<9:tÖ=C­QTSÅ6~C�\*S=>ÄUDâ®Q;CELµô
ÚYC4SV6®Q;:=IJK��

σ1 = 2
à
µ1 = 1.7

ô
σ2 = 2.6

à
µ2 = 1

ô
σ3 = 2.3

à
µ3 = 2.5

X ä <9CÄ:tÖVC*8-:?BVCyL®I¶OHQ-:?K9\*CÅ:=K9LNQ;<DC":tÖ=CE8;:=B=C
>":�FHSV8TIJQHØ�\E:=OTCEO7L®I¶ORQ;:?K~\�C Ú�IJQT<DIPK½QT<9Cy\�×Pâ9ORQTC*8­Ú�I¨Q;<N8;CEOTU~Cl\�Q�QTS

d
:?8;C��

σ = 2.29
à
µ = 1.78

X95­OTOTâD>ÄIJK9B
α = 0.2

àDÚ�C
S=6DQ;:?IPK�QT<DC KDCEÚîÚYC*IPB=<bQ-OC�

w′ =

(

1

3
,
1

3
,
1

3

)

∗ (1.06, 1.32, 0.953)

= (0.353, 0.440, 0.318)
Ú�<DCE8TC ∗ L®CEKDS?Q;CEO­QT<9C4CE×JCE>ÅCEKbQRÔ|Ú�IPOTCy>4âD×¨Q;IJU9×JI¶\*:?QTIPS=K�Xµ5�Þ Q;C*8ÆQ;<DC4ÚYC*IPB=<bQ-OÑ<9:tÖVCy6/C*CEK¼:=L�FHâ9OHQ;CELNÞ�S=8°QT<DCÄ\�×Pâ9ORQTCE8Eà/QT<9CÞ�S=×P×PS�Ú�IJKDBÅKDCEÚÃ\E:=OTCÆLDIPORQ;:=K9\�CÆ>":�Q;8TIJñ

D
IPO%SV6®Q;:=IJK9CEL �

D =

















0 1.57 1.89 1.92 3.82 2.21
0 1.57 1.60 3.50 1.57

0 1.29 3.19 3.19
0 2.58 2.21

0 2.58
0
















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σ = 2.31

à
µ = 1.64
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Ú�<DI¶\-<ÙIP>ÄUD×PIJClOÅQT<9:?QÅQ;<DC½L®I¶OHQ-:?K9\*CEOÄIPKbÖVS=×PÖ§IJKDB¼>":�FHS=8;IJQHØ»\E:=OTCEO 3�IPK§Ö=SV×JÖ§IPKDB�\E:=OTCEO�ó=à[ùDà�:?K9LÙõ¼IPKÙQT<DI¶O"\*:VORC	5�<9:tÖVC
L®Cl\�8;CE:=OTCEL�à§:VO%IJKbQ;C*K9L®ClLµX
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Þ�âDK9\�QTIPS=KÝI¶O Q;<DC*8;C�Þ�SV8TC$KDS?QyU/SVO;OTIJ6D×PC=X�5 â9OTC*8lê OyíbâDC*8;Ø=à	:�Q48;âDKbQTIP>ÄC=à	U9:?8TQTIJQTIPS=K9O�QT<DC�ORC*Q4S?Þ7\E:=OTCEO�IPKbQTS½QHÚYSN\�×¶:=O;OTCEOP�
8;C*×PC*Ö�:?KbQ7:?K9L
KDSVK®Ô|8TCE×JCEÖt:=KbQEX ï I¶ORQ;:?K~\�CÆÞ�âDK9\�QTIPS=KÁ×PCE:?8;KDIPKDBÄâ9OTCEOYQT<9IPO%Þ�CECEL®6~:=\-]¸Q;SÄIJ>ÄUD8;S�Ö=C°QT<9C 8TCl\*:?×P×�:?K~L$UD8;CE\*IPOTIPS=K
S?Þ�OTâD69OTCEíbâDCEKVQ­8TC*QT8;IJCEÖt:=×POEX/Ü®IJK9\*Cy:"KDCEÚ L®I¶OHQ-:?K9\*C Þ�âDK9\�QTIPS=KNI¶O7×PCE:=8TKDClL
Þ�S=8­CE:=\-<NíbâDCE8TØVàDQ;<DC�×PCE:?8;KDIPKDB¸UD8;S®\�ClOTO�>4â9ORQ
6/C Ö=C*8;ØÄÞG:=ORQEà9C*Ö=CEK�IJÞ�KDS?Q7ÖVC*8;Ø¸:=\*\*âD8-:�QTCVX

� Cl:?8;KDIPKDBæ:æLDIPORQ;:=K9\�C$Þ�âDK9\�Q;IJSVKòIPKò8;CEOTU~SVK9OTC"QTS»:Nâ9OTC*8lê O�Þ�CECEL®69:V\-]¼I¶OÅ]§KDS�Ú�Kò:=Oy8TCE×JCEÖ�:?K9\*C¸Þ�C*ClL®69:V\-]/X �­KDC�S?Þ
QT<9CyCE:=8T×PIPCEORQ78TCE×JCEÖt:=K9\�CÆÞ�CECEL®6~:=\-]Á:?×PB=S=8;IJQT<D>"O�Ú%:=O7LDCEOTIJBVKDCEL
Þ�SV8�QTC*ñbQ°8TC*QT8;IJCEÖ�:?×�ü õ��Eþ|X{5ÑO7IPKNS=QT<DCE8�á9C*×¶LDOEà/:"\E:=OTC

t
IPO

8;C*UD8;CEOTC*KbQTClL$:VO�:4ÖVCE\�QTS=8�S=Þ	ÚYS=8-L¸Þ�Cl:�Q;âD8TClOC�

t = (t1, . . . , tn)

tj ≥ 0

Ú�<DCE8TCÆCE:V\-<
tj
IPO�QT<DC Ö�:?×PâDC°Þ�S=8%Q;<DC

j
QT<ÁÚYS=8-L¸Þ�8;S=>A:ÄOTC�Q7S=Þ�:?×P×

n
Ú�SV8;LDO�Q;<9:�Q7S®\*\*âD8�IPK�Q;<DC�\*:VORC°69:VORCVX

57×JQT<9S=âDBV< \*:=OTCEO�:?8;CN8;C*UD8;CEOTC*KbQTClLÛ6§ØòÞ�Cl:�QTâ98TC¼Ö=CE\�QTSV8;O">4â9\-< ×PIJ]VC½QT<9C¼S=QT<DCE8¸á9CE×PLDO�ÚYCæ<9:tÖVCNL®IPO;\�â~OTOTCELµà�QT<9C
Ö�:?×PâDCEO Þ�S=8 Q;<DC"Þ�CE:?QTâD8;CEOÆ<~:tÖ=C¸:½OTU~Cl\�I¶:?×�>ÄCE:=KDIPKDB9X ä <9IPO U/C*8;>ÄI¨Q-OyOTC*ÖVC*8-:?×i:=O;ORâ9>ÅUDQTIPS=K9O IPK�QT<DClORC�\*:=OTCÄ69:=OTCEO QT<9:?Q
:?8;C�S=QT<DCE8TÚ�I¶ORCyKDS?Q�FHâ9OHQ;I¨á~CEL½Þ�SV8ÑQ;<DCyS=QT<DCE8°LDS=>":?IPK9O7ÚYCy<~:tÖ=Cy\*S=K9OTIPLDC*8;CELµX ä <DCy>ÄSVORQ°\*S=>Ä>ÄS=KÁÞ�SV8T>2I¶O7Q;<DC�Q;C*8;>4Ô
Þ�8;CEíbâDC*K~\�Ø¸IPK§Ö=C*8-OTC°\E:=OTC­Þ�8;CEíbâDCEK9\�Ø 3 ä W�ß ï W45%Ú�<9C*8;C°Cl:=\-<�QTCE8T> <~:=OYQT<9CÆÞ�S=×P×JS�Ú�IPKDB4Þ�S=8;>R�

ti =







W���Z	�
i

(

1 − log
2

ï � MYW���Z	�
j

log
2

m

) ÚYS=8-L
j ∈ t

0
ÚYS=8-L

j /∈ t

Ú�<DCE8TC ï � MYWN�7Z	�
j

I¶OYQT<9C Kbâ9>y6/C*8�S?Þi\*:VORClO�QT<9:?QÑ\�S=KbQ-:?IPK$Q;<DCÆS?Þ
j
Q;<ÁÚ�SV8;Lµà®W���Z	�

j

I¶OYQT<DC K§âD>46~CE87S?Þ	QTIP>ÅClO%QT<9C
j
QT<ÁÚYS=8-L¸S®\*\*âD8;O%IPK
QT<DC�\E:=OTC

t
àD:?K9L
> I¶O%QT<9C Kbâ9>y6/C*8�S?Þi\*:VORClOYIJK
QT<9C�\*:=OTCÆ69:=OTCÅü õ ��þ|X

798 ��8<7>=@?�ACB6DFEHGJILK,MNENGOBP?�Q�E�
 I�DFe	EN?<E �

ä <DC
>ÄSVORQÄ\*S=>Ä>ÄS=KÙLDIPORQ;:=K9\�C�Þ�âDK9\�QTIPS=Kò×PCE:=8TK9IJKDB»:?×PB=SV8TIJQT<9> Þ�SV8Ä\E:=OTC�Ô|69:=OTCELÝ8TC*QT8;IJCEÖt:=×�â~ORIPKDB�8TCE×JCEÖt:=K9\�C$Þ�C*ClL®69:=\-]
8;C*×PIJClO[SVK�OTS=>ÄC°:VOTOTâD>ÄU®Q;IJSVK9O�:=6~SVâ®Q%8TCE×JCEÖt:=KbQY\*:VORClO�:=K9L"Q;<DCÆÚ�SV8;L9OiQT<9C*Ø$\*S=KbQ;:=IJK�X§57KÁ:?K~:?×PØ§OTI¶O[S=Þ�QT<DCÆL®I¶OHQ;8TIP6Dâ®Q;IJSVK
S?Þ�ÚYS=8-LDOYIJK
QTC*ñ§Q�\E:=OTCEO%<9:VO�OR<9S�Ú�K$Q;<9:�Q�ü õ �tþ �
ó=X ��CE×JCEÖ�:?KbQÑ\*:VORClOYLDC*U/C*K9L
S=KÁ:"OT>Ä:=×J×�OTC�Q�S=Þ�8;C*×PC*Ö�:?KbQ�ÚYS=8-LDO 3G:=O;OTâD>ÄCEL$QTS"6/C°IPK
QT<DC�íbâDCE8TØF5�X
ù®X ��CE×JCEÖ�:?KbQ7Ú�SV8;L9OY:=8TC°8-:?8;C°:V\�8;SVO;OY:=×J×�\E:=OTCEO 3G69:=OTIPOYÞ�SV8%QT<DC ä W�ß ï WÕÞ�Cl:�QTâ98TCÆ8;C*UD8;CEOTC*KbQ;:?QTIPS=K�5�X
õDX ��CE×JCEÖ�:?KbQ7Ú�SV8;L9OY:=8TCÆ\�SVK9OTIPORQTCEKVQ7:V\�8;SVO;O�8;C*×PC*Ö�:=KVQ7\E:=OTCEOEX
ä <DC°>ÄSVORQ[Þ�8;CEíbâDC*KbQYÚ�SV8;LDO�IPK$:4\E:=OTC769:VORCÑQTC*K~L"QTSÅ6/C­IP8T8;C*×PC*Ö�:=KVQ[QTSÄ:?K§Ø4U~:?8TQTI¶\�âD×¶:?8�QTSVUDIP\=àb:=×¨Q;<DS=â9B=<¸>ÄSVORQ%S?ÞµQT<9CEOTC
:?8;CÄ8TCE>ÄS�Ö=CEL¼L®âD8;IJK9B
U98TCEUD8TS®\*CEO;ORIPKDB9X{ø�IJQT<DIPK»QT<9C"8TCE×P:?QTIPÖ=C*×PØæOT>":?×P×�ORC*Q�S?Þ%8TCE×JCEÖt:=KbQ \E:=OTCEOEà/QT<DC¸\E:=OTCEO :?8;CÄ8TCE×JCEÖ�:?KbQ
6/CE\*:=â9OTC�QT<DCEØ"\�S=KbQ-:?IPK4Q;<DCEOTCÑ8;C*×PC*Ö�:=KVQ�ÚYS=8-LDOEX=5ÑOY: 8;CEOTâD×JQEà?Q;<DCÑ8;C*×PC*Ö�:=KVQ�Ú�SV8;LDO[:?8;C�C�ñ®U~Cl\�Q;CELÄQ;S�S®\*\�â98�\�SVK9OTIPORQTCEKVQ;×JØ
:?K~Læ>ÄS=8;C4Þ�8TClíVâ9C*KbQT×PØNIPKæQ;<DC¸ORC*Q S?Þ�8;C*×PC*Ö�:=KVQ \*:VORClO*X �ÑS?QTCÅQ;<9:�QÆQT<9C¸íVâ9C*8;ØNL®S§CEOÆKDS=Q :=×JÚ%:tØ®O­\*S=KbQ;:=IJK�:?×P×i8TCE×JCEÖ�:?KbQ
ÚYS=8-LDO*àD:VOYQT<DC ÚYS=8-LDOY>":tØ$<9:tÖVC°OTØ§KDS=K§Ø§>"O*X®ßeK
Q;<DIPOÑ\*:=OTC=à§Q;<DC�íbâDC*8;Ø¸>":tØ$>ÄI¶OTO�\E:=OTCEOYQ;<9:�Q7â9OTC�L®IJç/CE8TCEKbQ7Ú�SV8;LDO�Q;S
L®ClOT\*8TIP6~C°Q;<DC�OT:=>ÄC­Q;S=UDI¶\?X
Ü§IPK9\�C¼Ú�C»:=O;OTâD>ÄCNQT<~:�QÁ8TCE×JCEÖt:=KbQ
\*:VORClO�:=8TC¼\-<9:?8-:=\�QTC*8;IPé*CELÛ6§ØðQT<9C»\*S=K9OTI¶OHQ;C*KbQ�UD8;CEOTC*K~\�CæS=Þ�8TCE×JCEÖ�:?KbQ�ÚYS=8-LDOEà

L®I¶OHQ-:?K9\*C¸Þ�âDK~\�QTIPS=KÙ×JCl:?8;KDIPKDBN>ÄC�Q;<DS®LDOyÚYC*IPB=<bQyÚYS=8-LDOy6bØ�Q;<DC*IP8Å\*S=K9OTI¶OHQ;C*K9\*Ø�Ú�IJQT<9IJKÕQ;<DCÁORC*Q4S?Þ78;C*×PC*Ö�:=KVQÄ\*:VORClO*X�5
\�SV>Ä>ÅSVKN>ÄCE:VORâD8;C�Þ�SV8ÆIJK9\*S=K9OTI¶OHQ;C*K9\*Ø
I¶O­QT<DCÄORQ;:?K~LD:?8-LNL®CEÖbI¶:�Q;IJSVKæS=Þ�QT<DCÅÚYS=8-LÁÞ�8TClíbâDC*K9\*IJClOÑIPK¼QT<DCÅ8TCE×JCEÖ�:?KbQ°\E:=OTCEOEX
ä <DC ÚYC*IPB=<bQ;O%:=8TCÆIPKbÖVC*8-ORCE×JØ"U98TSVU~SV8RQ;IJSVK9:?×~QTSÄQ;<DC�OHQ-:?K9L9:?8-L$L®CEÖbI¶:�Q;IJSVK��

wi =

{ 1
σi,r

σi,r 6= 0

w0 σi,r = 0

Ú�<DCE8TC
σi,r

I¶O%QT<9C�OHQ-:?K9LD:=8;L
L®CEÖbI¶:�Q;IJSVKÁS?Þ�Ú�SV8;L
i
Ú�IJQT<½8;CEOTU~Cl\�Q%QTSÄQ;<DC�8;C*×PC*Ö�:?KbQ7\*:VORClO

r
à/:?K9L

w0
I¶O7:ÅáDñ®CEL
ÚYC*IPB=<bQ

Ú�<DCEK¼Q;<DC"OHQ-:?K9L9:?8-L¼L®CEÖ§IP:?QTIPS=KæI¶O�\*×JSbORC4QTS
0
X�W9S=8 ÚYS=8-LDO­QT<9:?Qy\�SVK9ORI¶ORQTC*KbQ;×JØN:=UDU~Cl:?8 3�:?K9L�L®SÁKDS?Q�:=UDU~Cl:?8 5­IJK�QT<9C

8;C*×PC*Ö�:?KbQ�\*:VORClO*àlQT<9CÑOHQ-:?K9L9:?8-LyL®CEÖbI¶:�Q;IJSVK4Ú�IP×P×D6~C�×PS�ÚÙ:=K9L4QT<DCEIJ8iÚYC*IPB=<bQiÚ�IP×J×D6/C�<DIPB=<�XVWDS=8iÚYS=8-LDO	QT<~:�Q[L®SÆKDS=Q[:?UDU/CE:=8
\�SVK9OTIPORQTCEKVQ;×JØVà§QT<DC�ORQ;:=K9LD:=8;L�L®C*Ö§I¶:�QTIPS=K
Ú�IP×J×�6/C <DIPB=<½:?K~L¸Q;<DC*IP87ÚYC*IPB=<bQYÚ�IP×P×�6~C ×PS�Ú X
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ï CEOTUDI¨Q;CÆQT<DC�:=UDU9:=8TCEKVQ7OTIJ>ÄUD×PI¶\�IJQHØ¸S?Þ�QT<DC ÚYC*IPB=<bQ�âDU{LD:�Q;CyORQT8-:�QTCEB=ØVàbIJQ7<9:VO�6~CEC*K½OT<DS�Ú�K$Q;S"6~C C*ç/Cl\�Q;IJÖVC­Þ�SV8�QTC*ñ§Q

8;C�QT8;IPC*Ö�:?×�ü ÷ à3õ
�bà	õ �tþ|X ä <DC¸>":?IPK»8TCl:=OTS=KæÞ�S=8�IJQ;OyB=S§S®LæU/C*8TÞ�S=8;>":?K9\*C"IPOÆQ;<9:�Q�IJQy<9:VO�:=\E\�ClOTO°Q;SÁQT<DC¸8;C*×PC*Ö�:=KVQ�\E:=OTCEOEà
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0.5 0 0.8 0 0.2 0 0
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0.6 0 0.01 0 0 0.9 0
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\*:VORClO*X[ßeKÛQT<DC
�iS=8;S=KDSVI7L®IP:=B=8-:?>ÁàiQ;<DIPO$IPO$CE:VORIP×JØðORCEC*K :VO¸\-<9:?K9B=IPKDB»QT<DC¼OR<9:=U~CæS?ÞÆQT<DC��iS=8;S=KDSVIÑ\�CE×J×¶O*X�ßeK�<DIPB=<DCE8
L®IP>ÄC*K9OTIJSVK9OEà®<DS�Ú�CEÖ=CE8Eà®\�SV>ÄUDâ®QTIPKDBÅQT<9C��iS=8;S=KDSVI{LDIP:=B=8-:?> I¶O7\�SV>ÅU9â®Q;:?QTIPS=K9:=×J×PØ"C�ñ®U/C*K9OTIJÖVC=X
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d(φ(x), φ(y)) ≈ d(x, y)

Ú�<DCE8TC
x, y
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µ1 = (0.8, 1)
à
µ2 =

(1, 1)
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Σ1 = Σ2 =

[

0.006 0
0 0.04
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Voronoi Diagram with Equal Weights
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Voronoi Diagram with Weights (0.7, 0.3)
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