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Abstract—Hex-dominant mesh generation has recently re-
ceived increasing attention from researchers and the simulation
community due to its robustness compared to pure hex-mesh
generation techniques. In this work, we present a first structure-
informed simplification framework, aiming to reduce the number
of non-hex cells from the hex-dominant meshes. Our framework
extracts individual sub-structures via parallel relations from
the input hex-dominant mesh, decomposes self-tangent and self-
intersecting sub-structures for structure complexity control, and
collapses certain sets of edges that are adjacent to particular
non-hex cells to remove them. We design a filtering and ranking
strategy to select edges and sub-structures for collapsing. To bet-
ter understand the complexity of sub-structure configurations, we
introduced a novel relation graph that captures the connections
between edges and between edges and sub-structures. Addition-
ally, we designed a smoothing algorithm for hex-dominant meshes
that enhances hex cell quality, even in meshes containing various
cell types. We evaluate the effectiveness of our framework by
applying it to many hex-dominant meshes produced by three
state-of-the-art hex-dominant meshing techniques. Our results
achieve various levels of reduction in the number of non-hex cells
of the input meshes, affirming the applicability of our framework
for improving the hex-dominant meshes.

Index Terms—Hex-dominant meshes, structure-informed, sim-
plification

I. INTRODUCTION

Volumetric meshes are employed in many scientific and en-
gineering applications. Due to a number of desired numerical
properties, hexahedral (hex-) meshes are preferred by many of
these applications. Despite numerous efforts in the past three
decades, automated generation of high-quality and feature-
aligned pure hex-meshes for arbitrary 3D models remains an
unsolved problem [1]]. An alternative is to generate hexahedral
(hex-) dominant meshes for those complex models, which has
gained increasing attention in the past decade [2[|-[5]. Many
FEM and CFD tools, such as Ansys [6], MEFM [/7], accept
hex-dominant meshes with limited non-hex element types
(e.g., tetrahedra, prisms, and wedges) as input [5]]. While not as
ideal as pure hex meshes, some simulations for architecture,
mechanics, and fluid dynamics prefer a hex-dominant mesh
that can have fewer elements with less accuracy loss, when
compared with tetrahedral meshes [8]—[12].

Therefore, reducing non-hex elements (or cells) and al-
lowing more volume to be occupied by hex elements is
desirable, as fewer elements are needed in pure-hex regions.
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Furthermore, removing some non-hex cells may improve the
mesh structure quality in certain regions (d)(e)).
One way to achieve a higher percentage of hex elements in
the hex-dominant meshes is to procedurally remove the non-
hex cells. However, such local post-processing is challenging
because (1) the non-hex elements can be arbitrarily complex
(e.g., the non-hex cells in the output meshes from work by Gao
et al. [4] can have up to 30 faces), not all of them can be easily
removed; and (2) the removal of a non-hex cell locally may
lead to a sub-optimal or even non-manifold configuration. As
shown in [Figure Th, the example hex-dominant mesh contains
a group of triangle prisms. Collapsing one cell will result in
a hex-dominant mesh with more complex non-hex cells (top
row of left example). That being said, removing
non-hex cells with arbitrary configurations is as challenging
as removing T-junctions from a T-mesh [13]]. Considering a
global strategy for removing these non-hex cells may lead to
a better result. However, few studies have been done on this.
Similar to the base complex of pure hex meshes [14], [[15],
which decomposes a mesh into blocks with consistent topo-
logical configurations, we propose a sub-structure extraction
approach for hex-dominant meshes. The approach extracts two
types of sub-structures: sheets (adapted from pure hex sheets
in base complex [14]]-[16]]) and edge groups (defined by sets of
parallel edges found only in non-hex cells). Our observations
show that collapsing sub-structures adjacent to certain non-
hex cells leads to improved configurations (as demonstrated
in the bottom row of [Figure I). However, a single non-hex
cell can be adjacent to multiple sub-structures with different
orientations. Thus, arbitrary selection of a sub-structure to
collapse is insufficient for eliminating the target non-hex cell.
To address this challenge, we conduct a comprehensive anal-
ysis of non-hex cell configurations. Specifically, we introduce
a novel neighborhood relation graph that systematically cap-
tures both edge-to-edge connections and edge-to-sub-structure
relationships. This graph representation effectively reveals
complex topological configurations that are typically hidden
within volumetric meshes. Based on this graph representation,
we develop a ranking strategy to select sub-structures for
collapsing to produce optimal results, considering both non-
hex reduction and quality constraints. To help maintain mesh
quality, we adapt Laplacian smoothing by expanding one-ring
neighbors to one-ring cell regions in hex-dominant meshes.
We evaluated our framework on diverse hex-dominant
meshes generated by three state-of-the-art techniques. Our
method consistently reduces non-hex cells, achieving more
than 50% reduction for meshes with simple sheet configura-
tions and an average reduction of 25% across all tested models.
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Fig. 1: Given a hex-dominant mesh (a), collapsing a
triangle prism (in green) results in a mesh shown in the
top row, while collapsing a group of prisms and a group
of hexes (in green) yields a pure hex-mesh shown in
the bottom row. The second column shows the hybrid
singularity graphs [17] of the three meshes. The red lines
are the conventional singularities, while the blue lines
are the pseudo singular edges. The right column shows
the hybrid base complexes of the meshes. Different col-
ored blocks correspond to different base complex compo-
nents [17]. (d) A parallel edge group with all red edges
exclusively adjacent to non-hex cells. (e) Collapsing this
edge group produces an ideal mesh configuration.

In summary, we introduce a first structure-informed simpli-
fication framework to procedurally remove the non-hex cells
from hex-dominant meshes with the following contributions:

e We define sub-structures in hex-dominant meshes and
propose a sub-structure decomposition strategy to handle
self-tangent and self-intersecting configurations.

o We introduce a novel neighborhood relation graph to en-
code edge-to-edge and edge-to-sub-structure relationships
for selecting edges and sub-structures to collapse.

« We incorporate advanced smoothing techniques for hex-
dominant meshes into our framework to optimize mesh
quality throughout the simplification process.

e« We present a comprehensive simplification framework
that procedurally eliminates non-hex cells through sys-
tematic identification and strategic ranking of candidate
sub-structures for collapse.

II. RELATED WORKS
A. Pure Hex and Hex-dominant Meshing

Hex-dominant meshing is an alternative to all- (or pure) hex
mesh generation. There are numerous efforts to generate all-
hex meshes [1]], including the sweeping techniques [/18]-[20],
grid or octree-based methods [21]-[23]], polycubes mapping
techniques [24[]-[28]], the frame (or octahedral) field based
methods [29]-[33]], block decomposition techniques [34]], [35],
and the recent motorcycle complex based methods [[13[], [|36].
However, due to the challenges posed by the arbitrary geom-
etry and topology configurations of different 3D models [37]],
robustly and automatically producing high-quality and feature-
aligned all-hex meshes remains an unsolved problem [[1]], [38]].

Alternatively, hex-dominant meshing does not require all-
hex elements when tiling the volume. Instead, it tiles as many

hex elements as possible while accepting a small number of
non-hex elements [[1]]. Two groups of techniques have been
introduced to achieve this goal. The first group starts with
tetrahedral meshes and procedurally aggregates the adjacent
tetrahedra to form hexahedra. The technique introduced by
Meshkat and Talmor [39], the H-morph proposed by Owen
[40], and a recent vertex-based strategy introduced by Pellerin
et al. [41]] belong to this group.

The second group of methods relies on certain 3D guidance
fields (e.g., octahedral fields) to guide the aggregation of tetra-
hedra or the computation of a 3D volumetric parameterization
for the generation of hex-dominant meshes. For example,
Huang et al. [29] introduced the boundary conformal 3D cross
field that can be used to guide the generation of hex-dominant
meshes. Sokolov et al. [42] extended the periodic global
parameterization for surfaces to 3D and proposed a field-
aligned parameterization method to guide the agglomeration
of tetrahedra to produce hex-dominant meshes. Gao et al.
[4]] improved Sokolov et al.’s method by addressing the non-
conformality issue. However, their methods cannot control the
complexity of the non-hex elements.

Other methods for generating hex-dominant meshes have
been proposed. Lévy and Liu [43] introduced L, centroidal
Voronoi tessellation that can produce hex-dominant meshes
to some extent when p — oco. Yu et al. [44] created hex-
dominant meshes by employing a multi-model polycube-based
algorithm that requires manual intervention. Livesu et al.
[3] proposed an automatic process to produce hex-dominant
meshes by mimicking manual block decomposition. More
recently, Bukenberger et al. [5] generated at-most-hex meshes
based on a 3D Lloyd relaxation under the L., norm for a
harmonious hex cell layout.

B. Hex-dominant Mesh Optimization

While the above methods can produce hex-dominant meshes
with a small number of non-hex polyhedra, pure (or all) hex
meshes are still preferred by the solvers of different PDEs. Ya-
makawa and Shimada [45]] introduced HEXHOOQOP to convert a
hex-dominant mesh to an all-hex mesh. The proposed method
is capable of automatically converting a hex-dominant mesh
to an all-hex mesh by subdividing a prism/pyramid/tetrahedral
element into a set of smaller hex elements while ensuring
topological conformity with neighboring elements. However,
it cannot handle other more complex non-hex element types
(e.g., polyhedra with arbitrary numbers of faces).

To handle more complex configurations of non-hex ele-
ments, this paper proposes a more global method by resort-
ing to the structure of the hex-dominant meshes [17]]. This
structure is closely related to the base complex of all-hex
meshes [14], [46]]. A base complex of an all-hex mesh is a
partition of the mesh and its elements into larger hex blocks.
Its complexity (usually characterized by the number of hex
blocks) affects not only the quality of the corresponding mesh
but also the subsequent fitting of high-order basis functions
for computation [18]], [47], [48]. To simplify the base complex,
singularity alignment technique [14] and sheet removal method
[16], [46], [49] have been proposed.



JOURNAL OF KTEX CLASS FILES, VOL. 18, NO. 9, SEPTEMBER 2020

|

(@) (b)
Fig. 2: A pure hex-mesh [27] (a) and a hex-dominant
mesh [4] (b). Non-hex cells are shown in red.

Briickler et al. [36] introduced the 3D motorcycle complex
as an alternative to the base complex. The main difference
between motorcycle complex and base complex of an all-
hex mesh is that motorcycle complex allows the existence
of T-junctions, allowing it to have fewer hex blocks than the
conventional base complex. They later used the motorcycle
complex to aid the generation of 3D T-meshes that can be
converted to all-hex meshes [50]. Note that Schertler et al. [51]]
used quad-dominant motorcycle as a structure representation
for quad-dominant meshes.

In summary, there is little work for the effective reduction
of the non-hex elements in the given hex-dominant meshes
with the aid of the structure information of the meshes.

III. HEX-DOMINANT MESH BASICS
A. Hex-dominant Mesh

A hex-dominant mesh is a mixed-cell type mesh that primar-
ily consists of hex cells but also contains a certain number of
non-hex cells, as shown in Figure 2] It can be formally defined
as M = (C, F,E&,V) within a volume (2, where V defines the
set of vertices, £ represents the set of edges, F describes the
set of faces, and C encompasses the set of three-dimensional
polyhedral cells.

Edge set £ is comprised of three subsets: £ = (£ UE U ).
The subset £ contains edges exclusively associated with hex
cells. The subset 5, denoted as non-hex edges, consists of
edges involved in non-hex cells. E = (£ N £ ), referred to as
the transit edge set, marked in red in Figure[3] comprises edges
that neighboring with both hex and non-hex cells. Face set F
is defined as the union of three subsets: F = (f'UZFUf'). The
subset F contains faces exclusively associated with hex cells.
F, includes faces involved in non-hex cells, and IF = (F N F)
consists of faces that interface between hex and non-hex cells,
as illustrated by the red faces in Figure [3] Cell set C contains
two subsets (H,H) where 7 is a set of hex cells, and H is a
set of non-hex cells.

The transit elements (E and ) play a crucial role in
maintaining mesh connectivity across cell types, and the above
element classification scheme facilitates the analysis of mesh
topology and is particularly useful in developing algorithms
for subsequent simplification.

B. Hybrid Base Complex

Referring to the existing method of structure analysis of
hex-dominant meshes [[17]], we adopt the hybrid singularity
graph and hybrid base complex for structure evaluation. A
hybrid singularity graph is comprised of singularity edges and

(@) (b)
Fig. 3: (a) A set of parallel edges (highlighted in blue) iden-
tified through the parallel relation definitions and propaga-
tion rules. (b) A group of parallel edges (green and red)
defines a sheet bounded by blue and red patches. Due to
adjacent non-hex cells (¢, c2, and c3), the black parallel
edges are excluded from the sheet.

edges in non-hex cells. The hybrid base complex is the volume
components that are constructed by separation surfaces traced
out from edges in the corresponding hybrid singularity graph.

C. Mesh Element Neighborhood Relations

In the context of mesh structures, we have two fundamental
types of neighborhood relations between elements. These
relations are fundamental for understanding the topological
properties of the mesh and form the basis for hex-dominant
mesh analyses and simplification algorithms.

Element Adjacency Relation describes the adjacency be-
tween elements of the same type as follows:

o Two cells are adjacent if they share at least a face.

« Two faces are adjacent if they share at least an edge.
o Two edges are adjacent if they share a vertex.

o Two vertices are adjacent if they share an edge.

Element Inclusion Relation describes the adjacency between
two elements of different types if one is a component of the
other. It is important to note that this relation is bidirectional.
For instance, vertices, edges, and faces that compose a cell are
all considered to be adjacent to that cell, and conversely, the
cell is adjacent to its component elements.

In the remainder of this paper, we collectively refer to both
the Element Adjacency Relation and the Element Inclusion
Relation as neighborhood relations. Elements that satisfy either
of these relations are described as neighboring elements.

D. Element Corner

(@) (b)

Fig. 4: (a) Corner illustration: repositioning v; to v; creates
an ideal cell corner configuration. Vectors from v; to v; and
v; to v; define a face corner, forming angle «. (b) Sharp
edge identification: an edge is classified as sharp when
the angle 0 > Bnarp-

Cell Corner: A corner in a 3D cell is formed by all connected
edges meeting at a vertex in a manifold schema. In hex cells,
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the quality of the corner should approach orthogonality. The
deviation of a corner from an ideal orthogonal configuration
can be quantified using the Scaled Jacobian metric [52].
Face Corner: A face corner is formed by two edges (belong-
ing to the same face) intersecting at a vertex when the face is
manifold. In hex cells, each corner of the faces should ideally
have a 90-degree angle.

E. Parallel Edge

Parallel Relation: Let £, C & be the subset of edges that
are included in quadrilateral faces. Two edges e;,e; € &, are
defined as parallel if and only if they belong to the same
quadrilateral face and do not share any vertices [14]. We
denote this relation as e; || e;.

Propagation of Parallel Relation: The parallel relation ex-
hibits a transitive property. For edges e;, e;,er € &, if €; || e;
and e; || ey, then e; || ey, even e; and ey, are in different faces.
Parallel Edge Set: Given an edge e; € &;, we define its
parallel edge set as the set of all edges parallel to e;, as

illustrated in

FE. Definitions of Edges

Sharp Edges: An edge shared by two adjacent faces is
classified as sharp when the angle 6 between their face normals
exceeds a user-specified threshold SBgparp-

Sharp edges play a critical role in defining the shape of a
3D volume. Accurate detection of these edges is essential for
preserving boundary features during simplification. However,
in hex-dominant meshes, faces can contain multiple edges
(more than three), which may result in non-planar surfaces.
To address this geometric complexity, we compute vertex
normals at each face corner using local vector information.
The face normal along an edge is then calculated by averaging
the corresponding vertex normals, following the right-hand
rule convention. As shown in [Figure 4p, the sharpness of an
edge is determined by analyzing the two directional vectors
(highlighted in color) along that edge.

Local Edge: An edge surrounded by only non-quadrilateral
faces is considered a local edge, as it has no parallel edges.
Edge Quality Score: The quality metric for an edge e, denoted
as ¢(e), is computed based on the absolute cosine values of
its adjacent face angles. This metric is formally defined as:

q(e) = ?ell}l{l 1 —|cos(ay)] (1)
where «; represents the corner angle at a vertex of edge e
in the surviving adjacent faces after the collapse operation.
Notably, faces that are eliminated during the collapse operation
are excluded from this computation.

The ranking of edges can be based on either the maximum
or minimum cosine value. Using the maximum value prior-
itizes the best-case corner angle, while the minimum value
considers the worst-case corner angle. In this study, we employ
the minimum value approach for edge ranking to minimize
potential impact of mesh quality.

IV. MESH SUB-STRUCTURE CONFIGURATION
A. Sub-structure from Hex-dominant Mesh

Sub-structures: We represent a parallel edge set and its asso-
ciated elements as a sub-structures S = (Cs, Fs, & g, Es,Vs),
where & ‘! C &, is the set of parallel edges in the group, for
any e;,e; € Ejgl, we have e; | e;. Cs, Fs,Es, and Vs are
cells, faces, edges, and vertices adjacent to the edges in & ‘!
As these sub-structures S may span different regions and
create complex configurations that challenge mesh simplifica-
tion, we partition them into two subsets based on edge types.
Non-hex Sub-structure (Groups): A set of elements, denoted
as S, is defined by a set of parallel edges £ I that neighboring
with non-hex cells. As illustrated in , the edges
marked in red and black are parallel edge set of S.
Hex Sub-structure (Sheets): A sheet, denoted as S, is defined
by a set of parallel edges £ lg‘ neighboring with hex cells. These
sub-structures are analogous to sheets in all-hex meshes [[15],
[46]. shows a group of parallel edges (marked in
green and red) and their neighboring elements within hex cells,
together defining a sheet.
Sub-structure Continuity: A sub-structure S; is continuous
or complete if and only if all parallel edges in the group are
connected by a set of quadrilateral faces in the same structure
without interruption. In this paper, we enforce the constraint
that all groups must be continuous.

B. Sub-structure Configurations
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Fig. 5: (a) is a self-intersecting sheet. Red spheres high-
light places where self-intersection occurs. This sheet
can be decomposed into two sub-sheets, as shown in
(b) and (c), without self-intersections. (d) shows a self-
tangent sheet. Red spheres highlight places where self-
tangent arises. This sheet can be decomposed into two
sub-sheets, as shown in (e).

Two configurations in sub-structures are important for the
subsequent simplification framework, i.e., the self-tangent and
self-intersecting configurations.

Self-intersecting Sub-structure: a sub-structure is self-
intersecting if it possesses at least two parallel edges that share
a vertex and are from the same cell (i.e. the sheet returns to the
same hex cell). illustrates a self-intersecting sheet
defined by the blue edges. The red dots highlight the hex cell
where the sheet self-intersects.

Self-tangent Sub-structure: a sub-structure is self-tangent if
it has at least two parallel edges that share a vertex and are
in two different but adjacent cells. illustrates a self-
tangent sheet, defined by the blue edges, that is neighboring
to itself. The red dots highlight the locations where the self-
tangent configuration arises.
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C. Neighborhood Relation between Sub-structures

As illustrated in (b-c, middle row), when a sub-
structure has a simpler configuration, such as not being con-
nected to other sub-structures, or being connected to other
sub-structures but without loops, collapsing all edges that
define that sub-structure can prevent the creation of new non-
hex elements (b-c, bottom row)). Based on this
characteristic, in this paper, we focus on the sub-structure
propagation direction at the sub-structure level, which differs
from the neighborhood relations at the mesh level.

We define two sub-structures as connected when they share
an edge that maintains parallel relationships with edges in
either sub-structure. These connections arise either from sepa-
ration at regions between hex cells and non-hex cells or from
the subdivision of larger groups based on previously described
configuration criteria.

Formally, let S; and S; be two sub-structures. They are
considered connected if:

Jee€ E: eegﬂqi/\eeg‘!j

As illustrated in [Figure 3p, non-hex cells ¢, ¢o, and c3 are
adjacent to the sheet because they are sharing at least one edge
(marked in red). The sheets neighboring non-hex cells are of
particular interest in our subsequent simplification framework.
For connections between non-hex sub-structures and sheets,
the connecting edge e is always an element of E, which
represents the set of edges at the interface between hex and
non-hex regions.

An edge is considered as adjacent to a sub-structure S
when it belongs to £ ‘! While other edges may be included
in the sub-structure, they are not considered as neighboring
elements since they do not play a crucial role in the sub-
structure configuration.

D. Neighborhood Relation Graph

To describe the important entities involved in simplification,
we construct an undirected graph Gr = (N, R) to capture
undiscovered patterns within sub-structures, which may affect
the outcome of simplification. In this graph, nodes (V) rep-
resent mesh edges and sub-structures, while the graph edges
(R) encode the neighborhood relations:

o Edge-to-edge adjacency & ~ &

« Edge-to-sub-structure adjacency relations (include both

group S ~ & and sheet S ~ &)

« sub-structure-to-sub-structure neighborhood relations (in-

clude both group-group S~ 8, sheet-group S~ & and
sheet-sheet S ~ S)

We distinguish between sheet and non-hex sub-structure as
separate entities in the graph, reflecting their construction from
distinct cell types in hex-dominant meshes. This classification
facilitates a more detailed analysis of relations between dif-
ferent sub-structures.

The graph representation does not help us intuitively un-
derstand some complex configurations between sub-structures
(e.g., the configurations shown in [Figure 6c and [Figure 6f),
for the development of an effective strategy for sub-structure

selection during simplification (subsection V-E).

(d)
Fig. 6: (2) A sheet exhibiting an apparently optimal con-
nectivity configuration. (b) The proposed NRG reveals two
adjacent edges in the sheet’s parallel edge set. (c) A
magnified view of the irregular configuration. (d) A sheet
with basic configuration. (e) The NRG demonstrates the
interconnection between two sheets. (f) Two connected
sheets, distinguished by different colors, are separated
due to self-tangent configuration.

To address that, we represent the relation graph as an adja-
cency matrix and visualize this adjacency matrix by visually
encoding different relations b, e). This strategy
is particularly effective for analyzing dense networks with
complex topological structures, especially when geometric
properties such as distance or size vary significantly across
the graph [53]]. Following the principles introduced in [15],
[54]], we define the adjacency matrix M of graph G'r, where:

1 if nodes n; and n; are connected
mi; = . 2
0 otherwise

The matrix can be further decomposed to six sub matrices.
Mg Mg M

SE
M= |Mss Mss Mgs
Mgs Mgs Mgs

For weighted graphs, m;; represents the edge weights. In
our visual matrix representation, we encode node types using
a color scheme, Red: edges, Green: sheets, Blue: non-hex sub-
structures. Edge weights are represented by varying opacity in
the visual matrix.

We refer to this graph and its corresponding visual rep-
resentation as the Neighborhood Relation Graph (NRG). To
enhance the visualization of relations, we order the rows and
columns of the matrix based on connections across entities,
similar to the block-diagonal forms introduced by Behrisch
et al. [54] and Xu et al. [[15]. However, we maintain entities
of the same type in a contiguous sequence to reveal patterns
within each entity category.

With the above definition, we can design the NRG rep-
resentations shown in where different entities are
visualized with distinct colors and communities in the ma-
trices. For the configuration illustrated in [Figure Gp-c, two
overlapping adjacent edges that are challenging to distinguish
through direct visualization are clearly represented in the NRG

(Figure 6p), while the matrix reveals that edges adjacent to
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the sheet belong to distinct non-hex sub-structures without
mutual connectivity, indicating that these non-hexagonal edges
are either distributed in different locations or have complex
configurations between them. The case presented in [Figure 6{d-
f demonstrates sheet-to-sheet connectivity patterns visualized
through the matrix representation (Figure 6¢), which provides
more intuitive identification of abnormal configurations com-
pared to direct inspection of the mesh shown in [Figure 6f.

V. HEX-DOMINANT MESH SIMPLIFICATION

Building upon the above foundations, we propose a hex-
dominant mesh simplification algorithm that leverages edge
collapse operations, configuration validation, and selection
ranking in 3 different operation levels. The detail is described
in the following subsections.

A. Edge Collapse Operations

The fundamental atomic operation in a mesh simplification
algorithm is the edge collapse operation. This operation elim-
inates an edge by merging two adjacent vertices and thereby
changes adjacent faces, as shown in [Figure 7p. In the context
of hex-dominant meshes, depending on the face configuration
of a non-hex cell, the non-hex cell can be eliminated by
collapsing a set of edges in a designed sequence.
demonstrates various non-hex cells that can be transformed
into elements valid for a pure hex mesh through the careful
application of edge collapses in the specified order.

In this paper, aiming to simplify hex-dominant meshes,
we employ the same atomic operation as other simplification
algorithms, but the edge collapse strategy in our approach is
structure-informed. The goals of the structure-informed edge
collapse strategy are to (a) reduce the number of non-hex cells,
(b) improve mesh configuration, (c) reduce the complexity of
individual non-hex cell configurations, and (d) avoid creating
cells with negative scaled Jacobian values as much as possible.
To achieve these goals, the collapse strategy is constructed
using an edge validation process and a set of candidate
edge selection methods, which are discussed in detail in the
following sections.

A o o '
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(a) (b)
Fig. 7: (a) Collapsing two adjacent vertices to their
midpoint eliminates non-quadrilateral faces. (b) Strategic
edge collapse operations can eliminate or convert a sub-
set of non-hex elements into hex cells.

B. Edge Validation in Sandbox

In hex-dominant meshes, where cells have different types
and varied mesh structures, edge collapse operations may

create invalid configurations like non-manifold edges or ele-
ments with negative Scaled Jacobian values. Since it is a local
operation that primarily affects the one-ring neighborhood
of a target edge, we validate mesh quality by testing each
collapse operation in an isolated region, called a sandbox,
before applying changes to the mesh.
Sandbox: A sandbox for collapse operation validation is
constructed from the one-ring neighboring elements of a vertex
set Vsq, which is derived from a given edge set Eqq.
Validation Criteria: The following conditions must be satis-
fied in the sandbox for edge collapse approval:
o Manifold preservation: The resulting mesh topology must
maintain manifold properties
o Jacobian validity: No newly created elements may exhibit
negative Jacobian determinants
o Angular deviation: Corner angle modifications must re-
main within user-specified thresholds
The angular deviation threshold affects both boundary and
internal elements. For all edges, after an edge collapse op-
eration, If any face incident to the resulting vertex exhibits a
corner angle that deteriorates by more than a user-specified
threshold [B.orner compared to its original state, or if the
collapse operation for a boundary edge creates a new sharp
edge, the edge is marked invalid.

C. Local Edge Selection

Edge Ranking Strategy: In a hex-dominant mesh, multiple
edges may be eligible for collapsing. To select appropriate
edges in each local region while aiming to produce desired
outputs, as shown in [Figure T{d-e, we designed a two-phase
ranking strategy. First, we evaluate and rank all edges within
their associated cells, selecting only those with the lowest
quality score in their local neighborhood. Second,
for multiple candidate edges sharing a vertex, we randomly
select and retain only one edge among those connected edges.

D. Graph-based Sub-structure Analysis

Based on the matrix representation introduced in

tion IV-D| we utilize matrix-based metrics to evaluate sub-
structures. Specifically, we quantify the structural quality
by measuring the distance between the edge region matrix
(Mgg) and an identity matrix. This comparison is particularly
meaningful because an identity matrix represents the ideal
configuration: a perfect sub-structure would consist exclusively
of parallel edges with no shared vertices between parallel
edges within the same sub-structure.
Hamming Distance dy(M;,I): The Hamming distance pro-
vides an unweighted measure between the edges in NRG
matrix and the identity matrix. A larger distance indicates
more neighboring connections within the same sub-structure,
suggesting a more complex mesh configuration. This metric
helps identify potentially problematic sub-structures where:

o Higher values indicate increased topological complexity

o Lower values suggest better-aligned sub-structure

We employ hamming distance to evaluate sub-structure
configurations. The distance is not only useful for measur-
ing differences between sub-structures but also valuable for
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Fig. 8: The Neighborhood Relation Graph (NRG) provides
direct visualization for analysis and guides the simplifica-
tion process of a mesh. (a) Visualized NRG matrix for the
input mesh shown in (d). (b,c) NRG matrices for sheets
shown in (e) and (f), respectively. (g) Result of collapsing
the sheet shown in (e). (h) Final output mesh obtained by
collapsing the sheet in (f). The quality difference between
(g) and (h) demonstrates that sheets with simpler NRG
patterns produce better configurations.

sub-structure selection during simplification, as sub-structures
with non-zero distances may not effectively reduce non-hex
cells after collapsing. As illustrated in collapsing
a sheet (Figure 8p) with zero Hamming distance (Figure 8p)
successfully transforms the input mesh (Figure 8d) into the
configuration shown in[Figure 8fg. In contrast, when attempting
to collapse a sheet with a Hamming distance of 2
(Figure 8F), the operation fails to reduce the number of non-
hex cells, as demonstrated in [Figure 8h.

E. Sub-structure Selection Strategy

A mesh contains a large number of sub-structures with
varying neighborhood connectivity patterns within a parallel
edge set, creating many challenges. To systematically simplify
hex-dominant meshes, we implement a three-phase ranking
strategy for sub-structure selection:

Phase 1: Parallel Edge Connectivity Filter. We restrict our
simplification to sub-structures with a Hamming distance of
zero. sub-structures with non-zero distance are filtered out,
as this indicates the presence of neighboring edges within
the same parallel edge set. This filtering ensures topological
consistency within each sub-structure.

Phase 2: Configuration Validation. Each sub-structure is
validated through two aspects. First, we evaluate individual
edge collapse operations and compute edge scores. Second,
we verify the mesh configuration after collapsing all parallel

edges within the sub-structure. The sub-structure is excluded
from simplification if it creates negative scaled Jacobians,
non-manifold configurations, non-hex cells. Users can control
whether to allow the creation of non-hex cells and vertices
with higher valence.

Phase 3: Sub-structure Ranking. For each valid sub-structure
S;, we compute a composite quality metric ¢(S;) that com-
bines multiple quality measures:

q(Sl) = mm(q(e)) + A,H(Sl) + ARH(SZ) + ATmin  3)
where min(q(e)) represents the minimum edge quality score
among all edges in & ‘! The relative change in non-hex
elements, denoted as AS’:[(SAZ), is defined as:

after before
|H|be fore

where |#{|*¢/o"¢ and |H|*/t¢" represent the count of non-hex
elements before and after the operation. The change in hex
element ratio, denoted as ARy(S;), is defined as:

AR’H (S’L) _ Rafter (Sz) _ jofore (Sz)
where R‘;_Lf tr(S;) and Rg_g}‘ore(&) represent the hex element
ratios before and after the collapse operation. AJ,,;, rep-
resents the change in the minimum scaled Jacobian of hex
elements. All these metrics are evaluated within the local
sandbox region rather than the entire mesh domain. The terms
AR (S;) and AJpin have ranges of [—1,1] and [—2,1]
respectively, in order to increase the sensitivity when collapse
operation creates lower hex ratios or poorer hex cell quality
in their domain.

Sub-structures are ranked in descending order of their
quality metrics ¢(S;), with the sub-structure having the highest
q(S;) selected as the optimal candidate for collapse opera-
tions, leading to optimal mesh quality outcomes, as illustrated
in [Figure 1| and [Figure 8|

When collapsing a group (parallel edges in non-hex cell
region), as illustrated in Figure[9] the edge collapse operations
are restricted to edges e € & — E, since collapsing transition
edges would convert adjacent hex cells into non-hex ones.

(a) (b)
Fig. 9: (a) Parallel edges (shown in black and red) within
non-hex cells (blue). Red faces indicate interfaces be-
tween hex and non-hex cells. (b) During edge collapse,
only black edges are processed while red edges are
excluded from the group to prevent conversion of existing
hex cells into non-hex cells.

F. Mesh Smoothing

Since hex-dominant mesh has different types of cells, we
can only use smoothing methods that don’t need specific cell
type information, like Laplacian smoothing. Based on this
demand, we developed a new volumetric mesh smoothing
algorithm by extending the Laplacian smoothing method to
work better with hex-dominant meshes.
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Our method is different from the traditional Laplacian
smoothing approach in how it handles vertex neighborhoods.
The traditional method only looks at vertices that directly
connect to the target vertex (called one-ring neighbor vertices).
Instead, we first find all the cells that contain the target
vertex (one-ring cells) and use all vertices from these cells to
calculate where the target vertex should move. For example,
consider a vertex located at the junction of three cells: one
side has two hex cells, while the other side has a large non-
hex cell. Adjusting the middle vertex can cause the hex cells to
develop low-quality corners. In some cases, a negative scaled
Jacobian value may be introduced after smoothing by the
traditional approach The proposed approach helps
keep vertices within a reasonable volume space by considering
more neighboring information. While this can help reduce
problems with negative scaled Jacobian values that may occur
in traditional Laplacian smoothing when vertices move too far,
it cannot guarantee their elimination.

o
, e/ /

v

(a) (b) () (d)

Fig. 10: (a) The traditional approach creates a flat corner
due to the lack of edge connectivity to the red node.
(b) By considering all one-ring neighbor vertices, the
vertex moves toward the centroid, which creates a convex
quad face. (c) On the boundary, the traditional approach
creates inverted cells since the vertex position moves
outside the boundary. (d) With the adjusted approach, the
vertex remains inside the boundary.

G. Pipeline of Hex-dominant Mesh Simplification

By integrating the previously described techniques, we
present a comprehensive simplification algorithm (Algorithm
[I) for hex-dominant meshes. The algorithm consists of four
main stages executed iteratively:

Stage 1: Local Edge Collapse. The algorithm begins with
local edge as detailed in Section [V-C] We collapse a batch
of selected local edges in each iteration. This stage continues
until no additional local edges meet the selection criteria.
Stage 2: Non-hex Group Collapse. Following local edge op-
erations, we iteratively process ranked parallel edge groups as-
sociated with non-hex elements. In each iteration, we collapse
one group and recompute the rankings of all remaining groups.
This stage precedes sheet operations because these groups
are typically adjacent to non-hex elements, and their collapse
may create more favorable configurations for subsequent sheet
operations, like illustration in The process iterates
until no valid groups remain.

Stage 3: Sheet Collapse. Similar to stage 2, we apply the
ranking strategy to identify and collapse optimal sheet candi-
dates. After each sheet collapse, the algorithm re-evaluates and
selects the next highest-ranked sheet. This process continues
until no valid sheets remain for consideration.

Stage 4: Mesh Quality Optimization. Although we do
smoothing after each operation, an additional final optimiza-
tion stage is still incorporated. This stage specifically focuses
on ensuring that the resulting mesh maintains high-quality
elements after all structural modifications.

The pipeline iterates through these four stages sequentially
until the algorithm reaches a state where no further valid mod-
ifications can be identified in any stage, ensuring maximum
simplification while maintaining mesh quality constraints.

Algorithm 1 Hex-Dominant Mesh Simplification

Require: Input hex-dominant mesh M
Ensure: Simplified hex-dominant mesh M’
1: do
2: > Stage 1: Local Edge Collapse
3: while valid local edge exist do
4 Select and collapse batch of local edges
5 Quick smoothing
6: end while
7 > Stage 2: Non-hex Group Collapse
8 while valid groups exist do
9: Collapse highest-ranked group
10: Quick smoothing

11: Re-evaluate remaining groups
12: end while

13: > Stage 3: Sheet Collapse

14: while valid sheets exist do

15: Collapse highest-ranked sheet
16: Quick smoothing

17: Re-evaluate remaining sheets
18: end while

19: > Stage 4: Mesh Quality Optimization
20: while Collapsed an edge
21: return M’

VI. RESULTS AND EVALUATION

We have applied the proposed simplification framework to
a number of hex-dominant meshes produced by three state-
of-the-art approaches, i.e., the Robust Hex-dominant mesh-
ing [4]], the LoopyCuts [3], and the At-Most-Hex meshing
[S. 49 meshes are tested, among them 27 are Robust-Hex-
Dominant meshing, 15 from LoopyCuts, and 7 from At-Most-
Hex. provides the statistics of the meshes and their
resulting meshes shown in the paper. The complete statistics
are provided in the supplemental material.

A. Improvement on Robust Hex-dominant Meshing

The robust hex-dominant mesh generation algorithm uses an
optimized frame field to guide the mesh generation process,
which yields isotropic hex cells aligned with the boundary
features. While the cells and singularities visually aligned
well, some cells contain more than 30 faces, and arbitrary
connectivity creates challenges. Nevertheless, our proposed
simplification method still reduces more than 20% of non-
hex cells on average for those test cases, and the maximum
numbers of the remaining non-hex cells also decrease.
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Fig. 11: Two meshes from the robust hex-dominant ap-
proach [4]. The top row shows the hanger model (a), its
non-hex cells (b, top), hybrid base complex (b, bottom),
and the simplified mesh (d), its non-hex cells (c, top),
and hybrid base complex (c, bottom). The bottom row
shows the airplanel model (e), its non-hex cells (f, top),
and hybrid base complex (f, bottom). After simplification
(h), the remaining non-hex cells (g, top) result in large
components in the left wing of the hybrid base complex
(g, bottom).

presents two models from robust hex-dominant
meshing. The first model, a hanger shown in [Figure 11,
contains 240 non-hex cells, with the maximum number of
faces among all cells being 13. As illustrated in [Figure TIp,
the majority of non-hex cells are concentrated in the lower
right region, resulting in small components in the extracted
hybrid base complex. After 74 iterations of simplification, the
number of non-hex cells reduced to 141, representing a 41%
reduction. This reduction leads to larger components in the

extracted hybrid base complex, as shown in [Figure 11g.

The second model, an airplane shown in [Figure 11E, con-
tains 383 non-hex cells, with the maximum number of faces

among all cells being 23. After 161 iterations of simplification,
157 non-hex cells were eliminated, corresponding to a 41%
reduction. The maximum number of faces among all cells
dropped to 18. While some non-hex cells remain at the wing
locations, they are no longer continuously connected, resulting
in significantly larger components in the hybrid base complex

(shown in [Figure 11jg) compared to the extracted hybrid base
complex components from input mesh.

B. Improvement on LoopyCuts

Loopycuts method mimics manual cutting scenarios by cut-
ting meshes along a set of loops to generate pure hexahedral or
hex-dominant meshes. In the hex-dominant meshes generated
by this method, visual results reveal complex configurations
near shape features, leading to arbitrary non-hex cells. Our

— ‘
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Fig. 12: Two meshes with the LoopyCuts approach [3].
The top row shows the halved_oblique_scarf_2_mm
model (a), its non-hex cells (b, top), and hybrid base
complex (b, bottom). After simplification (d), the remaining
non-hex cells (c, top) lead to a simpler hybrid base com-
plex (c, bottom). The bottom row shows the nugear_mm
model (e), its non-hex cells (f, top), and hybrid base
complex (f, bottom). After simplification (h), non-hex cells
in the L-shaped region are fully removed (g, top), yielding
a much simpler hybrid base complex (g, bottom).

proposed simplification method reduces approximately 35% of
the non-hex cells on average and improves cell shapes using
an enhanced Laplacian smoothing method.

presents two CAD models where more

than 50% of non-hex cells are removed, resulting in
fewer hybrid base complex components. The first model,
halved_oblique_scar f_2_mm (Figure 12{d), initially con-
tained 105 non-hex cells which were reduced to 47, with the
maximum number of faces among all cells decreasing from
10 to 9. The distribution of non-hex cells shows no significant
difference between the input (Figure 12b) and output
[ure 12k), as this model’s non-hex cells are clustered together.
However, visualization of the extracted hybrid base complex
reveals that the output mesh components exhibit improved
size and shape compared to the input, which demonstrates the
effectiveness of our simplification and smoothing approaches.

In the second model, nugear_mm(Figure 12f), the number
of non-hex cells is reduced from 136 to 26, representing

an 81% reduction. The complete removal of non-hex cells
in the upper left region changes the extracted components
from 15 blocks to 2 blocks, indicating a simpler structure

there (Figure 12f). This leads to significant visual differences

compared to the hybrid base complex extracted from the input

mesh (Figure 12g). A similar pattern can be observed in the

lower region as well.
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Fig. 13: Two meshes from the At-most-hex approach [5].
The top row shows the cylinder_g model (a), its non-
hex cells (b, top), hybrid base complex (b, bottom), the
simplified mesh (d), remaining non-hex cells (c, top),
and the simpler hybrid base complex (c, bottom). The
bottom row shows the jump_ramp model (e), its non-hex
cells (f, top), and hybrid base complex (f, bottom). After
simplification (h), most non-hex cells are removed (g, top),
thus, a simpler hybrid base complex (g, bottom).

C. Improvement on At-Most-Hex meshing

The At-most-hex meshing method constructs hex-dominant
meshes by extracting cells based on a 3D Lloyd relaxation
under the L., norm. Due to the method’s limited cell types,
our dataset shows significant reductions in non-hex cells and
notable improvements in mesh structure.

The cylinder_g model, shown in [Figure 13h, initially
contains 110 non-hex cells. After simplification, the number of
non-hex cells was reduced to 5, representing an 86% reduction.
The number of components in the extracted hybrid base
complex is reduced from 1275 to 114. The remaining non-hex
cells could not be fully eliminated due to feature preservation

and configuration constraints, as discussed in
The jump_ramp model (Figure 13k) shows remarkable

improvement, with non-hex cells reduced from 36 to just one.
This single non-hex cell plays a crucial role in maintaining
both the object’s shape and connecting different regions, ensur-
ing each region contains hex cells with the desired quality. The
hybrid base complex demonstrates improved mesh structure
quality after the removal of non-hex cells.

D. Discussion

Our experimental evaluation demonstrates the effectiveness
of our approach through comparative analysis with three
different mesh generation methods. By employing a systematic
strategy that combines single-edge and parallel-edge collapse
operations, our simplification framework successfully reduced
25% of non-hex elements on average across all test datasets.
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Fig. 14: (a) A bone model containing 351 non-hex cells,
with a maximum of 23 faces in a single cell. (b) Simplified
mesh without valence control: despite reducing the num-
ber of non-hex cells, certain vertices exhibit notably higher
valence, resulting in complex connectivity configurations.
(c) Simplified mesh with valence control: maintaining ver-
tex valence during simplification preserves mesh quality
but achieves less reduction in non-hex cells. (d) A twisted
cube model [4] contains 18 non-hex cells. (e) Simplified
to a pure hex mesh using the proposed ranking strategy.
(f) Random selection strategy leaves 3 non-hex cells.

During simplification, we observed that in certain cases, ver-
tex valence significantly increased, as our default configuration
allows increased valence complexity when no inverted hex cell
is created. However, our framework also provides an option
to monitor and control vertex valence changes. As shown in
Figure 14h-c, while vertex valence control results in a lower
reduction of non-hex cells compared to the approach without
valence control, it achieves better overall valence quality.
[Figure T4[d-f indicates that the proposed ranking strategy
produces better results than randomly selecting edges or sub-
structures for collapse during mesh simplification.

The proposed algorithm has two user-specified thresholds,
Bsharp for sharp edge detection and Seorner for edge collapse
validation. While fine-tuning these thresholds have potential
to produce better results on different models, adjusting them
for each model is not the main focus of our study. We set
both thresholds to 30° for all test cases, which is sufficient
to obtain the desired results. A more detailed parameter study
can be found in the supplemental document.

VII. CONCLUSION AND FUTURE WORK

We present a new framework for reducing non-hex cells
in hex-dominant meshes by using structural information. Our
approach begins with single-edge collapse operations that only
modify non-hex cells, followed by the extraction and analysis
of sub-structures from the input meshes. The framework then
decomposes self-intersecting and self-tangent sub-structures
into separate sub-structures. Subsequently, sub-structures ad-
jacent to non-hex cells are filtered and ranked. The highest-
ranked sub-structures are collapsed to eliminate adjacent non-
hex cells. This process continues iteratively until no further
edge or sub-structure collapses are possible. We demonstrated
the preliminary effectiveness of our framework by applying
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Mesh Iteration |H| |H| Raq Max Poly Face | JTmin/max/avg | Time(s)
halved_oblique_scar f_2_mmi 72 451345& 14975 55.24% l;) 85(8);} 88;833 145.02
mechanical05_mmi 281 igg ;ZZ 57.22% ii 8(2)(9);}88;822 680.39
| s || [ | [ Smm |
p— o | 2 (e | | 000 |
PRI e
bone_valence_control* 113 23(2) ;;; 36.75% i; 88?;} 88;83; 321.34
T e | B[ S |,
cylinder_gt 27 125;35 11150 86.36% 2 8:?%:88;8:32 32221
RN A

TABLE I: Statistics information of our method applied to hex-dominant meshes. x indicate meshes shown in the paper
from the Robust-Hex-Dominant meshing [4], T from At-Most-Hex method [5], and { from LoopyCuts [3]. The column
|#| shows the numbers of hex cells, || are numbers of non-hex cells, R, 5 shows the percentage of reduction of non-
hex cells. Time is the average time of each iteration, the unit is second. J,,in/max/avg displayds the scaled Jacobian

values in a minimum/maximum/average format.

it to hex-dominant meshes generated using three different
meshing techniques, showing its value to the community.

Despite the preliminary effectiveness, our approach has
several limitations that impact its performance and usability.
First, to minimize degenerate elements or topological inconsis-
tencies in the mesh, the quality scores of affected edges and
neighboring structures must be re-evaluated after each edge
collapse operation before selecting the next collapse candidate.
This creates strong data dependencies that prevent straightfor-
ward parallelization. This restricts our evaluation to relatively
coarse meshes. To accelerate computation, identifying which
operations can be safely performed in parallel without conflicts
is a promising direction.

U Magnitude

(d)

Fig. 15: (a) Reference simulation result obtained on a
pure hex mesh with a cylindrical shape. (b) Simulation
result obtained on a mesh from the at-most-hex ap-
proach [5]. (¢) Simulation result obtained on the mesh
produced by the proposed approach. (d) Simulation result
obtained on our simplified mesh after refinement using
OpenFOAM’s built-in refinement tool.

Second, the usability of the simplified meshes is another
limitation. Based on attempts to apply the simplified meshes
in the simulation toolkit OpenFOAM [55], we found that

our current results are not all simulation-ready. Since our
approach cannot resolve all complex cell types and configu-
rations present in the input mesh, most meshes still cause the
simulation process to crash after simplification. Nevertheless,
we successfully ran a simulation on a cylinder mesh simplified
from the at-most-hex output. As illustrated in [Figure 13k, the
accuracy of the simulation result obtained on the simplified
mesh is not comparable to the result obtained directly from
the mesh produced by the at-most-hex approach (Figure T5p).
However, our simplified mesh can be refined using Open-
FOAM’s built-in refinement tool, whereas the mesh from
the at-most-hex approach cannot. With this refinement, our
mesh produces more detailed results ( [Figure T5{d). But, some
undesired configurations remain in the simplified mesh (for
example, at inner boundaries generated by the at-most-hex
approach), causing the result to still show significant differ-
ences compared to the one computed on a mesh containing all
hexahedral cells of good quality (Figure I5h). This example
demonstrates that our approach still contributes to resolving
certain invalid configurations and therefore provides benefits
for simulation tasks. In the future, we will develop a method
that simplifies arbitrary hex-dominant meshes into simpler
configurations with fixed cell types.
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Fig. 16: (a) A simple sheet. (b,c) Two self-intersecting
sheets obtained after the horizontal split.

Third, mesh refinement was not employed in our simplifica-
tion pipeline as it may introduce complex configurations that
are difficult to handle. For instance, as shown in[Figure T6h, we
started with a simple sheet from a twist cube mesh produced
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by the at-most-hex approach. After refinement, this sheet split
into two complex sheets (Figure 16p and [Figure 16c) with self-
intersecting configurations, which our method cannot simplify.
We plan to address this in the future work.

Fourth, the current results can only reduce non-hex cells by
around 25% on average. This limitation is primarily caused
by the current approach only handling sub-structures that are
not connected to other sub-structures in each iteration. More
complex configurations, such as sets of sub-structures that
are connected to each other, are difficult to handle without
a proper sub-structure selection strategy. As future work, a
more comprehensive ranking strategy could be developed by
incorporating sub-structure connectivity information from the
NRG to evaluate sequential collapse operations, since certain
optimal configurations may arise after collapsing multiple
edges and sub-structures. Additionally, a strategy for deter-
mining the optimal decomposition approach could improve the
efficiency of the simplification process.
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